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1.1

Facts about complex numbers

Beyond real numbers

Real numbers can be represented by points on a number line with a fixed origin
O that represents the number 0. If 7 is a positive real number, we represent it as
a point P to the right of O on the number line with distance r. If r is a negative
real number, we represent it as a point to the left of O with distance |r|r, where

r ifr>0
Irlr = . :
—r if r <0.

e— |rlr —> le— |7l —>
b o P P [9) "
Real number » > 0 Real number r < 0

The set of real numbers is denoted by R. Real numbers can be constructed
rigorously using Cauchy sequences {s,|n = 0,1,2---} where s, are rational
numbers.

Let S be a subset of R. We say that a number « is algebraic over S if « is a
solution of a polynomial equation

™ + ap_ 12" - agr +ag =0

where a; € 5,0 < j < n. For example, 1/2 is a number algebraic over the set of
integers Z since it satisfies 2¢ — 1 = 0 and /2 is algebraic over Q and Z since
it is a solution to 22 — 2 = 0. Note that a number algebraic over S may or may
not lie in S. For example, it is known that v/2 is not rational even though it is
algebraic over Q.

Now, we know from the example of v/2 that a number algebraic over Q is not
rational. If we replace Q by R, then we see that /2 is algebraic over R since it
is a solution of z — /2 = 0. The question that we want to ask is: Is there number
algebraic over R which does not belong to R? The answer to this question is
yes. Suppose « is a solution of 22 +1 = 0 and « is real, then a? = —1 < 0.
But we know that this is impossible since r? > 0 for every » € R. The above
discussion shows that there must be a set of numbers algebraic over R which
properly contains R. We will construct this set of numbers in the next section.
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Complex numbers

In the previous section, we have seen that it is possible to construct “numbers”
that are not in R. We now define these “numbers” formally.

DEFINITION 1.1 Let R be the set of real numbers. The set of complex numbers
C is the set of ordered pairs of real numbers (a, b) with addition and multiplica-
tion defined by

(a,0)+(c,d) = (a+¢,b+d)
and
(a,b)-(¢,d) = (ac — bd, ad + bc).

We also define a scalar product -, namely, if r € R,
r-(a,b) = (r-a,r-b).

Here - is the ordinary multiplication of real numbers.

With the definition of scalar product and +, we observe that the set C is a
vector space of dimension 2 over R.

We now consider -. By definition of -, we find that

(0,1)-(0,1) = (—1,0) = (=1)-(1,0).
With the notation 1 = (1,0) and i = (0, 1),
i-i = (—1)-1.

We have thus found a “solution” to

rxr=—1.
With the notation 1 = (1,0) and i = (0,1), we can now write a complex
number as
a-1+ b-i.

Ignoring the colors for the operators, we arrive at the definition of complex
numbers given in many textbooks.
The sum and product of complex numbers can now be written as

a+ib+c+id= (a+c)+i(b+d)
and
(a +ib)(c+1id) = ac — bd + i(ad + be)

respectively. Note that multiplication of complex numbers is motivated by treat-
ing a + ib and ¢ + id like ordinary numbers with multiplication that distributes
over addition.
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Facts about complex numbers

DEFINITION 1.2 When a complex number is written as
z=a+ b,

we call a the Real part of z (denoted by Rez) and b the Imaginary part of z
(denoted by Im z).

Division of complex numbers

When we first construct rational number, we ask for solution x such that
bx = a,

with b # 0. And we define # = ab~! and this leads to division of a by b. In a
similar way, we ask for solution

(c+id)x = (a + ib).
We let
T =u-+1iv.

Then we must find u, v from comparing the real part and imaginary part of the
numbers of both sides of the equation

cu —vd +i(cv + du) = a + id.

The number v and v can be found using the relation
c —d\ (u\ (a
d c v) \b

ca—i—db_’_ibc—ad
C2+d2 C2+d2.

which gives

u4+iv =

Remark 1.1 From
cu — vd +i(cv + du) = a + ib,

we have

Hence,
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This implies that we can identify s + it with

s —t
t s /)
Remark 1.2 Division is usually done using “rationalization” by “multiplying”
numerator and denominator by ¢ — id if we write
a+1b
c+id

DEFINITION 1.3 Let z be a non-zero complex number. We define the multi-
plicative inverse of z, denoted by 2!, as the complex number w satisfying the
equation

wz = 1.

Note that by the division of complex numbers, we find that

(a+ib)~' = (a —ib).

a? + b2
In mathematics, a group is a nonempty set G together with a binary operation
o: G x G — G that satisfies the following conditions:

1. There exists an element e € G such that goe =eog =g for all g € G,
2. For every g € G, there exists ¢’ € G such that gog’' = ¢’ og =,
3. Forall g,h,k € G,go(hok)=(goh)ok.

In the process of showing that C is a vector space of dimension 2 over R, we
would have shown that (C, +) is a group. With the multiplicative inverse defined,
we can also show that (C\{0}, ) is a group provided that - is associative, which
we leave as an exercise.

EXAMPLE 1.1 Show that if z,w and u are complex numbers then z-(u-w) =
(zw)w and zu = wu-z.

The addition and multiplication also satisfy the distributive law as can be
verified in the following exercise.

EXAMPLE 1.2 Show that for complex numbers z, w and u,

z-(w+u) =zw+ z-u.
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Solution
Let z =a+ib, w =c+id and u = e +if. Then left hand side is

(a+ib)-(c+e+i(d+ f)) =ac+ae—bd—bf +i(bc+ be + ad + af).
The right hand side is
(a+1b)-(c+id) + (a+1ib)-(e+if) = ac — bd + i(bc + ad) + ae — bf + i(be + af)
and both sides are the same.
The facts that (C, +) and (C\{0}, -) are abelian groups ! and that - distributes
over + show that (C,+, ) is a field.

Conjugate and modulus of z

There is a recurring appearance of the number a? + b2 (in the inverse of z) and

a —b
b a )’
DEFINITION 1.4 The number

|2 = Va2 + 2

as determinant of

is called the modulus of z.
Note that a? + b? = |2|?.
DEFINITION 1.5 The conjugate of z, denoted by z, is defined by a — ib.

Note that
2Z = |z] + 0. (1.1)
In many textbooks, the above is written as
2Z = |z (1.2)
This is not accurate since by (1.1), we know that
|z|* = Re(2%).

However, once we are familiar with complex numbers, we will not distinguish z-z
from |z|? and use (1.2) instead.

1 Abelian groups are groups with binary operation having the additional property that
gog =g og.
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Remark 1.3 Note that | - | is consistent with absolute value | - |g, which we
encountered in the case of real numbers. Note that

la+i-0| =Va?=lalr.

EXAMPLE 1.3 Establish the following facts:

1 1 —
Rez=§(z+2),1mz: 5(2—2),(2—4—111):2—1—@,
i
Z -

ZW =

W, [zw] = [2]|w], |z/w] = |2|/|w| if w #0,[z] = |z].

EXAMPLE 1.4 Show that if z,w € C, then zw = Z - w and |zw| = |z||w|.

Solution
The first identity can be proved directly. Let z = a + ib and w = ¢ + id. Then

zw = ac — bd + i(bc + ad) = ac — bd — i(bc + ad).
On the other hand,

Note that
|zw|? = (2w)ZW = 2wZw
= 2Zww = |2 - |w|?,

which concludes the proof of the second identity.

EXAMPLE 1.5 Show that if w = 0 if and only if |w| = 0 and deduce that zw = 0
implies that z = 0 or w = 0.

Solution

If w = 0, then |w| = 02+ 0% = 0. If jw| = 0 and w = a + ib, then 0 = |w|? =
a’® + b2 > a? > 0. This implies that a = 0. Similarly, b = 0. Now if zw = 0, then
|zw| = |z||w| = 0. This implies that |z| = 0 or |w| = 0. By previous observation,
we conclude that z = 0 or w = 0. Another way to solve zw = 0 implies z = 0 or
w = 0 is to multiply both sides of zw = 0 by the inverse of z if z # 0.

EXAMPLE 1.6 Show that if A and B are integers that can be written as a sum
of two squares then AB is a sum of two squares.
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Solution
Let m = a2 4 b% = |a+ib|> and n = 2 + d2 = |c +id|* . Then

mn = |a+ib|* - |c+id|* = |(a + ib)(c + id)|* = (ac — bd)? + (ad + be)?.

1.5 The complex plane

As seen in previous sections, a complex number is defined as a number of the
form (a,b). Just as a real number can be represented graphically by a point on a
number line, a complex number can be represented by a point on a plane. This
is illustrated in the following diagram:

y=Imz
A

P = (a,b)

] z = Rez

Addition of complex numbers then corresponds to addition of “vectors” as
shown in the following diagram:

The following diagram illustrates the difference of two complex numbers:

22 — 21
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It is known that if |r|g is the absolute value of a real number r then
|r+ slr < |rlr + |s|R-
The same is true for the modulus of complex numbers. More precisely, we have
the following triangle inequality:

|21 + 22| < [21] + |22]. (1.3)

To see (1.3) geometrically, we first observe that the modulus |z| is the length of
the vector (a,b) that represents z. Now, note that z1, zo and 21 + 2o form the
vertices of a triangle. Since |21 + 22| is the length of a side of the triangle, it must
be less than or equal to the sum of the lengths of the other two sides and this
gives (1.3). We now give an algebraic proof of (1.3).

Proof of (1.3)
First, we observe that

Rez < |z|.
This follows from the fact that if z = x + iy, then
z < x| < Va2 + 2 (1.4)
Next, observe that

|21 + 22|” = (21 + 22) (21 + 22) = (21 + 22) (31 + Z2).

Hence,
|21 + 22 = 2171 + (2172 + 21%2) + 2272
But by (1.4),
2175 + 2122 = 2Re(21%3) < 2|217%3] = 2|21 - |22].
Therefore,

|21 + 22| < |z1]| + |22].

COROLLARY 1.1 Let z; and 25 be complex numbers. Then

|[21] = 22| < |21 — 22].

Proof
We have |z + w| < |z| + |w|. Take z = 29, w = z; — 2z3. Then

21| < [22] + |21 — 22|
Interchanging z; and zo, we find that

|z1] = [22] > —|22 — 21|
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and this completes the proof. O

Note that if we treat z; and 2o as points on the complex plane, then the
“vector” formed by z; and z3 beginning with z; has “position vector” determined
by z2 — z1. This vector has length |z — 21| and this is the distance between z;
and zs.

EXAMPLE 1.7 Show that if |z| = 2 then

Im (1 — Z + 2?)| < 6.

Solution
Note that since 1 is real,

Im(1—%+2%) =Im(-%z + 2?).

We have shown in the proof of the triangle inequality that |Re z| < |z|. The same
is true when we replace Re by Im. Hence we conclude that

Im (1 -Z+42%)| =|Im(—Zz+2?)| < | -2z + 22| < |Z| + |2)* = 6.

EXAMPLE 1.8 Let z,w,u,v € C with |u| # |v|. Show that

Re(z + w) < |z| + |w]|
lu+v] 7 [luf = [v]|

Solution
Since
Re(z +w) < |z + w| < |z| + |w]
and
[l = Joll = lJul = [ = o] < u—(=v)| = [u+],

the inequality follows.

The polar representation of complex numbers

Given a point in the plane which is not the origin, we may represent the point us-
ing polar coordinate system rather than the usual rectangular coordinate system.
Let (x,y) be a point in the first quadrant. Then the complex number z = z + iy
can be written as

z =r(cosf +isinh).
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We will write

cis@ = cos @ +isin 6.

When z is not in the first quadrant, we use the more general definitions of
sine and cosine for obtuse angles and negative angles. This allows us to write in
general,

z = rcis.

Note that 6 is not unique since sinx and cosx are both periodic with period
2.

Given z, we use arg z to denote the set {f|z = rcisf}. This set is an equiva-
lence class obtained from the equivalence relation u ~ v if and only if u = v+2kn
for some integer k. The principal value of arg z, denoted by Argz , is the rep-
resentative of argz that lies in (—m, 7.

EXAMPLE 1.9 Let z = i. Determine |z|, arg z, Arg z and express z in polar
coordinates.

Solution -
The answers are |z| = 1, arg z = {n/2+2km, k € Z}, Argz = 7/2, and i = cis 5

EXAMPLE 1.10 Sketch the following regions representing the following sets in
a complex plane:

(a) {z|Rez> 0}
(b) {z| —7/3 < Argz < w/3}
(©) {zllz+1] <1}

THEOREM 1.2 Let z =rcisf and w = scisy. Then

zw =rscis (6 + ).
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that is,
|zw| = |2||w]
and
arg zw = arg z + arg w. (1.5)

Here, the addition of argz and argw is defined as {0 + ¢|zw = rscis(f + ¢)}
and (1.5) means that

Arg(zw) = Argz + Argw + 2k7

for some integer k.

Proof
‘We have

zw = rs(cos + isin ) (cos ) + isin))
= rs(cosfcos ) — sinfsin + i(cos O sinp + sin 6 cos 1))
= rs(cos(0 + ¢) + isin(0 + ¢)),

where we have used the standard sine and cosine formula for addition of angles,
namely,

cos(f + 1)) = cos @ cosp — sinfsin )
and

sin(f + 1) = cos @ sin ) + sin 6 cos 1.

Using induction, we deduce that

COROLLARY 1.3 Let 21,29, ,2, € C. Then
|z129 -+ - 2n| = |21] - |22] - - - |2l

and
arg(z129- - 2,) = argzy + -+ - + arg z,.

In Corollary 1.3, we let z; = z5 = --- = 2z and conclude that

COROLLARY 1.4 Let n be an integer. Then

(cis @)™ = cisnd.
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Remark 1.4 The relation in Theorem 1.4 holds only for integers. It is not true

for rational numbers as one would encounter the notion of multi-valued function
.. 1/n

such as (cosz +isinz)’", n € Z.

EXAMPLE 1.11 Find all complex numbers z satisfying 23 = 1.

Solution
Write 1 = cos€ + isinf where 0 = 2km, k € Z. Write z = r(cos¢ + isin¢). By
Corollary 1.4,

23 =13 (cos 3 +isin3y) .

Since 22 = 1, we conclude that » = 1 and 3+ = 2knm, k € Z. Therefore, ¢ =
2km /3, k € Z. This gives rise to three distinct solutions of ¢ in (—7, 7] and they
are —2m/3,0, and 27/3.

EXAMPLE 1.12 Let 0 < € < m. Derive the Lagrange’s trigonometric identity

1 sin((2n+1)0/2)
1+cos€+cos?9+-~~+cosn0—E—i— 250 (0/2)

Solution
The left hand side is
P |
Re(14+z+22+---4+2") =Re <z—1> ,

where z = cos 6 + isin 6. Now, observe that

21 (" -1)(z-1)

z—1 |z — 12
2=z +1—
2(1 —cosf)

where we have used the fact that zzZ = 1. Hence,

P | Mz 41—t
Re( z—1 >Re< 2(1 — cosb) >
cosnf — cosf + 1 — cos(n + 1)0
2(1 — cosb)

1 1

=4+ — 0) — 1)6)).
5 + Tsin2(0)2) (cos(nf) — cos((n + 1)6))

The identity we want to prove now follows using

cos(nf) — cos((n + 1)0) = —2sin((2n + 1)0/2) sin(—60/2).
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Remark 1.5 There is another way of proving the above identity. One needs
only to observe that for positive integer £,

sin (0/2) cos (0 — % (sin ((£+1/2)0) — sin((¢ — 1/2)8))

and that
Zsin (0/2) cos L6 = % (sin ((n +1/2)0) —sin (6/2)) .
=1
1.7 Sets in the complex plane

When we study the real numbers, we define objects such as open intervals, closed
intervals and bounded sets. In this section, we give definitions to analogous ob-
jects for the complex numbers. Most of these definitions look intimidating at
first sight but they define very natural objects.

1. A circle of radius r > 0 centered at z, is the set

Clzo;r) :={z||z — 20| = 1}.

20

2. A ball of radius r and center 2y is the set

B(zo;7r) :=={z] |z — 20| < r}.

The dotted line is used to indicate that the circle |z — zp| = r is not in the
set B(zo;T).
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3. A subset S of C is said to be open in C if for any z € S there exist a § > 0
such that B(z;d) C S. We also say that S is an open set.

A ball of radius r with center 2y is an open set.
The set

S ={z —Z<Argz<%}
is open. In general, one may visualize open sets in C as shaded regions with
dotted boundaries.
There are sets which are not open. Examples of such sets are C(zp;r) and
{z|Rez > 1}.
4. For any set S, let

Se=C\s=C-S5
be the complement of S in C, that is,
S¢={z€Clz ¢S}

A subset S of C is said to be closed if the complement of S in C, denoted
by S, is open. Examples of closed sets are C(zp;7) and {z|Rez > 1}. The
following illustrates an example of a closed set:

Yy
A

=4

Remark 1.6 A set S that is not open is not necessarily closed. The set
{0 < Rez < 1} is one such example.

—

5. Let S be a subset of C. The set of points B with the property that every
open ball of the form B(zg;r), with 29 € B, has non-empty intersection with
S and S¢. The set B is called the boundary of S and the notation for this set
is 0S5.
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6. A set S is bounded if it is contained in a ball B(0; M) for some M > 0.

7. Let [21, 22] denotes the line segment with endpoints z; and z3. A polygonal
line is a finite union of line segments of the form

[20, 21] U [21, 22) U -+ - U [2r—1, Zn)-

If any two points of S can be connected by a polygonal line contained in
S, S is said to be polygonally connected. The following set is an example of a

polygonally connected set.

8. A nonempty open polygonally connected set in C will be called a region.
In this course, we will study functions defined on a region.
9. A set S in C is said to be disconnected if there exist two disjoint open sets
A and B in C such that S = (SN A)U (SN B) and that neither A nor B
above contains S. If S is not disconnected it is said to be connected (see the

following diagrams).

Connected set Disconnected set

Remark 1.7 Tt can be shown that in C, an open set is polygonally connected
if and only if it is connected. For more details see [p. 54, Ahlfors]. The usual

definition of a region is a non-empty open connected set.
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Appendix: Set of complex numbers as topological space

I hope students will read this section. It is my attempt to introduce topological
spaces.

DEFINITION 1.6 A topological space T = {A,T} consists of a non-empty set
A together with a fixed collection T of subsets satisfying

(T1) A, T
(T2) the intersection of any two sets in T is again in T
(T3) the union of any collection of sets in 7 is again in 7.

The collection T is called a topology for A and the members of T are called
the open sets of T'.

EXAMPLE 1.13 Let A = {a,b} and T = {4, ¢, {a}}. Then (A4,7) is a topolog-
ical space.

As one can see from the example, topological space can be very strange.

In the case of complex numbers, we declare set U to be “open in C” if for
each z € U, then there exists an € > 0 such that B(z;¢) C U. (Note that we are
NOT saying that all examples of open sets must arise from this definition. See
the above example.)

We let T to be the collection of “open sets U in C”. We now check that (C,T)
is a topological space. Note that (T1) is clearly satisfied.

For (T2), let Uy and Us be open set in C. Let z € Uy N Us. Then z € U; and
z € Us. Since U; is open in C, there exists an ¢; > 0 such that B(z;¢1) C Uy.
Similarly, since Us is open in C, there exists an e5 > 0 such that B(z;e) C Us.
Choose € = min(ey, €2). Then B(z;¢) C Uy NUs and therefore, U; N Us is open.

For condition (T3), if z is in a union of open sets, say A, where

A=Ju,
i
then z € Uy, say. Since U; is open in C, there exists an € > 0 such that
B(z;e) C Uy C A.

Hence, A is open and

UUZGT

In conclusion, we have (C,T) is a topological space.
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Analytic Functions

Functions of a complex variable

When we first encounter real numbers, we define a function on S C R as a rule
that assigns to each = € S, a unique real number y € R. For example the rule
f(x) = 2% sends a real number to its square.

In a similar manner, we define a function on a set S C C to be a rule that
assigns z € S, a complex number w € C. The number w is called the value of f
at z or image of z under f and is denoted by

The set S is called the domain of definition of f. A function f is sometimes
referred to as a single-valued function because f sends each z in its domain of
definition to exactly one number. There are rules which assign a complex number
z to more than one number. We referred to such a rule as a multi-valued function.

1/2 1/3 1/2 1/3

Examples of multi-valued functions are z'/¢ and z'/°, where z'/“ and z'/° are

complex numbers u satisfying

u? =2z and u® =z,

respectively. The rule arg(z) that assigns z to the set of angles 6 (viewed as a real
number embedded in C) satisfying z = rcis(6) is a multi-valued function. In this
course, we concentrate on rules that assign z to a unique complex number w =
f(2). In other words, we assume that our rules are functions or more precisely,
single-valued functions. We will return to multi-valued functions when we discuss
the “complex version” of log.

To define a function, both the domain of definition and the rule must be given.
The function

fe) =1

is defined on C\{0} since f(z) is not defined at 0.
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EXAMPLE 2.1 Let f(z) = 2%. Note that in terms of z and y coordinate,

f(z) = (@ +1iy)* = 2® — y* + 2izy.

Suppose w = u + iv is the value of a function of f(z) at z = x 4+ éy. Then u
and v depend on the real variables x and y and we find that

f(2) =w=u(z,y) +iv(z,y).

EXAMPLE 2.2 When f(2) = 22,
flz+iy) = (x +iy)* = 2 — y* + 2ixy.

This implies that u(z,y) = 22 — y? and v(z,y) = 2xy.

EXAMPLE 2.3 Let f(z) = 23. Then
fle+iy) = (z +1iy)® = 2° = 3zy® +i(32%y — 3°).
This implies that

u(z,y) = 2* — 3xy? and wv(z,y) = 32’y — ¢°.

1 1
EXAMPLE 2.4 Let f(z) = PE g —t Then
(2,9) = ——5— and v(z,y) =0
= 1 v\r — U.
EXAMPLE 2.5 Let
_Z T+ 1y
f2) = 24z 2
Then
Yy
= — d = —,
u@,y) =5 and v(zy) = =
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2.2 Limits

In the case of a real variable, we say that

lli)nllo f(x) -

if for every € > 0, there exists a §. > 0 such that

|f(z) —wo|lr < € whenever 0 < |z — xzp|r < Je.

In the case of complex variable, the definition is similar.

DEFINITION 2.1 We say that

3, 718 = e

if and only if for every € > 0, there exist a d > 0 such that

|f(2) —wo| < e whenever 0< |z— 2p| < 0.

Sometimes, we write

(2) 2wy for z— 2o

to represent

ZILHZ}O f(z) = wo.

If wy is oo, we write f(z) — oo for z — zq if for every M > 0, there exist dp; > 0
such that

|f(2)| > M whenever 0 < |z— 2| < dn.
We also write f(z) — oo for z — oo if for every M > —, there exist K > 0
such that
|f(2)] > M whenever |z| > K.

EXAMPLE 2.6 Let f(z) = % Show that

g () =

z—1 2,

using the definition of limit.

To show that the above holds, we need to show that for each € > 0, there exist
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a . > 0 such that

1z 1

5 3| <€ whenever 0 < |z — 1] < ..

We usually work ”backwards” to obtain our d.. Let € > 0 be arbitrarily chosen.
Now,

2z 1

B 2<e

if and only if

|z —1| <e

L
2
if and only if

0<|z—1] < 2e

1
since |i| = 1. Hence, we may take our d. to be 2e. Therefore, f(z) — 3 when

z — 1.

EXAMPLE 2.7 Show that the limit of the function f(z) = Z as 2 — 0 does not
z

exist.

Solution

Let z = 0 + it and we see that Z/z = —it/it tends to —1 as z tends to 0 along
the imaginary axis. Let z = ¢t and Z/z tends to 1 as z tends to 0 along the real
axis. Hence, the limit of Z/z does not exist as z tends to 0.

EXAMPLE 2.8 Let f(z) =1/z. Then

lli%f(z) = 00.

We say that f(z) has a pole at z = 0.

EXAMPLE 2.9 Let
P(2) =0p2" + an_12" 1+ an_ 22" 24+ -+ arz+ag

with a; € C. Show that P(z) — oo as z — oo.
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Solution
Let n > 1 be an integer and

P(z)=ag+a1z+ -+ an_12"" 4+ an2",
with a,, # 0. If n = 1, then it is clear that
larz + ag| > (Jai]|z] — |ag]) = o0 if |z| = oc.
Now, let n > 1. Let A = maxo<;<n—1(]a;|). Then
IP(2)] > Janz"| = lan 1271 = -+ — lag| > Janz"| — A (J2" 4+ |2] +1).
Since |z| = 0o, we may assume |z| > 1. This implies that
|P(2)] > |anz"| — nA|z|" ' = |2|""! (Janz| — nd) > M,

whenever

A+1
|z| > max <l,n + ,Ml/(”_1)> )
a

|an]

Theorems on Limits

Most of the results in this section are familiar as they also appear in the same
form in Calculus and Real Analysis.

If
ZILIEO f(z)=A and Zlirglog(z) = B,
then
zli_)nzlo(f(z) +9(z))=A+B. (2.1)

The proof of this is similar to that for real variable.
Suppose f(z) = wp as z — zg, then

lim Re f(2) = uo

Z—r20
and

lim Im f(2) = vy,
Z—r20

where wg = ug + ivg. This is because for € > 0, there exists . > 0 such that
|f(z) —wo| <€ whenever 0 < |z— zp| < 0.

Now, observe that

£ (2) = wol = | f(2) —wol
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and hence, we find that f(z) — wg. Now,

_ [+ 1)
Re(f(2)) = 121
Therefore, by (2.1)
Zlgrzlo Re(f(2)) = @ = Re(wp) = uo.

Similarly,
lim Im(f(2)) = Im(wp) = vo.

Z—Z20

Conversely, if f(z) = u(z,y) + v(z,y) and F(2) := u(z,y) = uo and G(z) =
v(x,y) — vo (Note that 2x = z+7Z and 2iy = z—7 and so, u(x,y) and v(z,y) are
functions of z.) as z — zg, then by (2.1), we deduce that f(z) = F(z) +iG(z) —
uy + vy as z — zg. We have thus proved the following theorem :

THEOREM 2.1 Suppose f(z) = u(z,y) + iv(z,y), 20 = To + Yo, Wo = ug + V.
Then

RS

if and only if

lim u(x,y) =up and lim v(x,y) = vo.
(o) o) M ¥) = 0 (o) o) YY) = 0

THEOREM 2.2 Suppose lim,_,,, f(2) = A and lim,_, ,, g(z) = B. Then
(a) lim;, f(2)9(2) = AB;
(b) If B # 0, then lim,_,,, f(2)/g(z) = A/B.

Continuity

DEFINITION 2.2 A function f(z) is said to be continuous at zg if
(a) lim,_,,, f(z) exists,

(b) f(z0) exists, and
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(c) lim, ., f(2) = f(z0).

Statement (c) says that for every € > 0 there exist a 0. such that
|f(2) — f(20)] <€ whenever |z— z| <.

In other words, f(z) is continuous at zg if we obtain the limit lim,,, f(z) by
simply substituting zo into f(z).

DEFINITION 2.3 A function f(z) is said to be continuous in a domain D if it
is continuous at every point in D.

Theorem 2.1 says that f(z) = u(z,y) + iv(x,y) is continuous at zg = xg + iy if
and only if the corresponding real and imaginary parts are continuous at (zg, yo),
i.e.,
lim U(Z‘,y) = U(xo,yo), and lim U(-T7y) = ’U(anyO)'
(@,y)—(w0,y0) (@,y)—(z0,y0)
Hence we may decide if a complex valued function f(z) is continuous at any
point zo by using known results in Calculus of two variables.

EXAMPLE 2.10 The function f(z) = zy?+i(2z—y) is continuous at every point
(z,y) since the corresponding real and imaginary parts are continuous functions
of two variables.

As in the case of real variables, we have the fact that if f(z) and g(z) are
continuous, then the functions f(z) + g(z), f(2)g(z), f(2)/g(z) and f(g(z)) are
continuous in the domain for which the functions are defined.

EXAMPLE 2.11 The polynomial P(z) = ag+a1z+---+ a,z" is continuous for
all z € C.

Solution
The function z is continuous implies that z? is continuous since product of con-

k is continuous for all positive

tinuous functions is continuous. By induction, z
integers k. Now, sum of continuous functions is continuous, hence every polyno-

mial in z is continuous.
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EXAMPLE 2.12 Show that if f(z) is continuous at zo then |f(z)| is continuous
at zg.

Solution
By triangle inequality,

|f(2)] = 1f(z0)| < |f(2) — f(20)]
and

|f(z0)| = [f(2)] < |f(2) = f(20)].
Hence,

£ ()] = [f (zo)ll < 1f(2) = f(20)l-
The result follows since

f(2) — f(z0)] <€
implies that
£ ()] = [f (=)l <e.

Remark 2.1 Strictly speaking, |f| is a function from C to R. However, we may
identify this function with F' = |f| 4+ ¢ - 0 and conclude that F' is continuous on
C.

Remark 2.2 The notion of continuity can be generalized to arbitrary topological
spaces other than C. In order to achieve that, one has to define continuous
function based on open sets instead of open balls. For more details, see the
Appendix.

Derivative

The derivative of a function f at a (in the real variable case), denoted by f'(a),
is defined as the limit (if it exists)

f’(a) — lim f(.’L‘) — f(a>

Tr—a r—a

For the case of complex variable, the definition is similar :
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DEFINITION 2.4 The derivative of a function f at z, denoted by f’(z), is defined
as the limit (if it exists)

f@) i LE = (@)

z—a zZ—a

We may also write

@) — 1 £ 1) = T0)

h—0 h

EXAMPLE 2.13 Show that the function

flz) ==

is not differentiable at any point z.

Solution
Observe that
z+h—-72 h
ho R
By Example 2.7, we find that
A T

does not exist and so f(z) is not differentiable at any point z.

EXAMPLE 2.14 For a given zg € C, discuss the differentiability of f(z) = |z|?
at z = 2.

Solution
Observe that

|z + h|2 — |22 _ (z+h)(z+h) — 2z
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If z = 0, then the limit exists and f/(0) = 0. If 2 # 0 and h = 0 € R, then we
find that

lod
Z4+z—+0c—zZ+z aso—0.
o

Similarly, if h = it with ¢t € R, then
_dt =
z+z_—t+zt%zfz ast — 0.
i

: N P R F .
In other words, if z # 0, the limit }hm ——— does not exist. In conclu-

1 —0 h
sion, the derivative of f(z) is defined only at z = 0.

Note that both functions Z and |z|? are continuous functions on C. But f(z) =
Z is not differentiable everywhere while f(z) = |z|? is differentiable only at
z = 0. It turns out that as in the case of real variable, differentiable functions
are continuous. The proof is exactly the same as that for the real variable case.

The rules for differentiating a complex valued functions are the same as those
for real variables. This is because the definitions for f'(z) and f’(z) are similar.
(For example, to prove that f/(z) = 2z when f(z) = 22, the proof is similar to
functions on real numbers.) As such, we leave it as an exercise for the readers to
prove the following standard results for differentiation:

d
1. %cn: 0 B )
2. %z =n""'nel
3. () + F(2) = £1(2) + F/(2)
4. %(f(Z)F(Z)) = [(&F'(2) + ['(2)F(2)
5. (Chain Rule) Tf F(2) = g(f(2)), then L F(2) = o' (F(=)f().

dz

Cauchy-Riemann equations

We first recall the definition of partial derivatives. If F'(x,y) is a function of two
real variables then

oF . F(x+dx,y) — F(x,y)

— =1

dr  §z—0 ox

whenever the limit exists. Similarly,

oF . F(x,y+dy) — F(z,y)
— = lim
Oy  sy—0 0y

We recall that
) — i LEEN —SC)

h—0 h
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If the above limit exists, then regardless of how h approaches 0, the resulting
value would be the same. We now let h approaches 0 along the real axis. Write
h = dx. Write f = u(x,y) + iv(x,y). Let h = dx. Then

h ox
Therefore,
ou v
/ —_ y
F(z) = Oz +18:p'

Next, we let h approaches 0 along the imaginary axis. Write h = idy,, we have

Fleth) = J(z) _ ulwy +0y) +iviey +0y) —ul@,y) —iv(z,y)

h 10y
Therefore,
Oou  Ov
/ _ _.7 E—
fle)=—ig+ 5
Hence,
ou v
/ —_—_ ;.
F(z) = Oz —Hax'
and
oy O, O
f(z) = zay—i-ay.

We conclude that the Cauchy-Riemann equations hold, namely,

Uy = Vy and vy = —Uy,

oF

here F}; = —.

wher t at

EXAMPLE 2.15 Verify that the function f(z) = 2? satisfies the Cauchy-

Riemann equations. (This is not surprising since all polynomials in z are dif-
ferentiable and hence, Cauchy-Riemann equations are satisfied.)

Solution

In this case, u(x,y) = 2* — 62%y? + y* and v = 423y — 4y>x. One checks easily
that u and v satisfy the Cauchy-Riemann equations.

Remark 2.3 Note that we can create infinitely many functions u and v satisfying

the Cauchy-Riemann equations by considering functions of the form z", where
n is any positive integer.
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EXAMPLE 2.16 Suppose f(z) = e”¥sinz+iv(z,y) is differentiable everywhere.
Find v(z,y).

Solution
Let u = e ¥Ysinz. Then u, = e Ycosz. Since the function is differentiable
everywhere, the Cauchy-Riemann equations must be satisfied. Hence,

Vy = Uy =€ Ycosw.
We conclude that
v=—eYcosz+ C(x),

where C(z) is a function of .
Next, uy = —e~ Y sinx. Hence

v, = e Ysinx.
Therefore,
v=—e Ycosz+ D(y),

where D(y) is a function of y. But C(x) = D(y) implies that C(0) = D(y) for
all y € R and so, D(y) is a constant. Therefore, C(x) = D(y) = a with a € C.
We therefore conclude that

f(z) =eYsinz —ie Y cosx + ia.

We have seen that if f = u 4+ iv and f is differentiable at z = 2, then v and
v satisfies the Cauchy-Riemann equation at zg = x¢ + iyp. We can use this to
show that a function is NOT differentiable at z = zg.

EXAMPLE 2.17 Show that if z # 0, then f(z) = 2xy + i(2? — y?) is not
differentiable.

Solution
Let w = 2zy and v = 2% —y?. If f(2) is differentiable at z, then u, = v,. But this
implies that y = 0. Similarly, if u, = —v, then = 0. Since z # 0, we conclude

that f(z) is not differentiable at z.

EXAMPLE 2.18 Show that the function f(z) = Z is not differentiable at any
point z.
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Solution
Now, f(z) =  —iy. Hence, u = x and v = —y. But u, =1 and v, = —1 implies
that ug # v, and therefore, f(z) is not nowhere differentiable.

EXAMPLE 2.19 Find z for which f’(z) exists when f(z) = e® cosy — ie” siny.

Solution
Let u(z,y) = e” cosy and v(z, y) = e® siny. If f/(z) exists then Cauchy-Riemann
equations hold. So u; = vy and u, = —v, yield cosy = 0 and siny = 0. But this

is impossible since sin® y + cos? y = 1. Therefore, f(z) is not differentiable for all
z € C.

We return to the following statement :

If f = w+ivand f is differentiable at z = 2y, then u and v satisfies the
Cauchy-Riemann equation at zg = xg + iyo.

The converse, however, is false. In other words, if v and v satisfies the Cauchy-
Riemann equation at z = zq, it does not imply that f is differentiable at z = z;.

EXAMPLE 2.20 Consider the following example : Let
zy(x + 1
S
f2)=flz,y)=q 2°+y
0 z=0.
Show that the Cauchy-Riemann equations are satisfied at z = 0 but f is not
differentiable at z = 0.

Solution
We first show that f(z) is not differentiable at z = 0. Note that
@)= JO) _ (eyletiy) N\ 1 ay
z x? + y? r+iy 224 y?

Letting z = h + ih, we find that
— h? 1
f(z) — f(0)

z Y 2
as h — 0. Letting z = h + 7 - 0, we find that
FE) - 10)
z
as h — 0. Therefore
L ()~ S(0)
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does not exist and f is not differentiable at z = 0.
We first note that

o2y 2y
e and v = U
This implies that u(h,0) = 0 and that
u(h,0) —u(0,0) 0

h
Similarly, v(0,h) = 0 and

v(0,h) — v(0,0)

=0.
h
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Therefore, u,(0,0) = 0 = v,(0,0). In a similar way, v,(0,0) = v,(0,0) =
0. Therefore, Cauchy-Riemann equations are satisfied at z = 0 but f is not

differentiable at z = 0.

THEOREM 2.3 Let f(z) = u(x,y) + iv(x,y). Suppose ug, Uy, vz, v, €xist in a
neighborhood of z. Then if u,,u,,v,,v, are continuous at z and the Cauchy-

Riemann equations hold, i.e.,
Uy = Uy, Uy = —Vg,

then f is differentiable at z.

Proof

The proof of this theorem depends on mean value theorem. We recall that if F'

is a function of a real variable differentiable on [a, b], then

F(b) = F(a) = F/(§)(b — a).

We next write
f(2) = u(z,y) +iv(z, y).
Then

f(z+02) = f(a+ bz +i(y + 0y)) = u(z + dz,y + oy) + iv(z + oz, y + dy).

This implies that

f(z+62) — f(z)
0z

ox + 10y dx + idy

(2.2)

We now apply mean value theorem to the expression on the left hand side of

(2.2) which involves only u(z,y) and deduce that
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u(x + 0w,y + 0y) — u(x,y)

dx + 10y

_u(z +dz,y + 0y) —u(z,y + 0y) + u(z,y + 6y) — u(z,y)

B ox + 1y

= Uyp(x + 61,y + 0y) _or + uy(x,y + 62) %
* LYoy Sx + idy yi® Y T2 dx +1idy )’

where (61, 62) — (0,0) as (0x,dy) — (0,0).
Similarly, applying mean value theorem to the expression on left hand side of
(2.2) which involves only v(z,y), we deduce that
’U(IE + 5$7 Y+ 5?/) — ’U(l‘, y)
ox + idy

) ox
= vy(z,y + 03) (M) +vg (@ + 04,y + 0y) <5:r+z5y> )

where (03, 64) — (0,0) as (dz, dy) — (0,0). Thus,
f(z+62) = f(2) Sy

(uy(z,y + 02) + vy (z,y + 03))

0z T o+ 0y
ox .
+ 57+ idy (ug(z+ 01,y + 0y) +ivg(x + 04,y + 0y)) .
Now, using u, = v, and u, = —v,, we conclude that
flz+ 52 1) vy
oy . .
= ot iay (@ Y+ 02) —uy(2,y) +ivy(z.y +65) = ivy (@)
+ (ij-ixzdy (g (z + 01,y + 6y) — up(x,y) + ive(x + 04,y + 6y) — iv.(2,7)) .
Since
| <1 — <1
5x+i6y’ =1 and 5x+i5y‘ =
we have
52) —
flz+ ;2 fz) (u + ivy)

<(uy(z,y + 02) — uy(x,y)| + |vy(x,y + 03) — vy (z,y)]
+ g (2 + 01,y + 0y) — uz (2, y)| + vz (z + 04,y + 0y) — va (7, y)]

)

which tends to 0 as (dx,dy) — 0, since (61, 62, 63,64) — (0,0,0,0) as (dz, dy) —
(0,0) and ug, uy, vz, v, are all continuous. Hence,

i £ 82— 1)

5z—0 0z

exists and equals to u, + iv,. O
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EXAMPLE 2.21 Show that g(z) = 322 +2x—3y? —1+i(6xy+2y) is differentiable
for every z € C. Write g(z) in terms of z.

Solution

By the above theorem, it suffices to verify that u, = v, and v, = —u, and that
these are continuous functions. To express g(z) as a function of z, set x = (2+%)/2
and y = (z — z)/(2i). The final answer is g(z) = 322 + 2z — 1. Note that since
g(z) is a polynomial, we have another proof of the fact that g(z) is differentiable
for every z € C.

Analytic functions

DEFINITION 2.5 A function f is analytic at z if f is differentiable in a neigh-
borhood of z. A function f is analytic on a set S if f is analytic at every z € S.

EXAMPLE 2.22 Polynomials are analytic on C since their derivatives exist at
every z € C.

EXAMPLE 2.23 The function f(z) = |2|? is differentiable only at 2 = 0 and
hence, it is not analytic at z = 0.

EXAMPLE 2.24 If f = u+dv is analytic in a region D and u is constant, show
that f is a constant.

Solution

If u is a constant, then u, = u, = 0. By Cauchy Riemann equations, v, = v, = 0.
This implies that v = s(x) = t(y) and hence v must also be a constant. Therefore
f is a constant.

EXAMPLE 2.25 In calculus, we know that if f/(z) = 0 on (a,b) then f(x) is
a constant on (a,b). Is this true for analytic functions in C? In other words, if
f'(2) =0, is f(z) necessarily a constant?
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Solution
The result is true. Let f(z) = u + iv. Suppose

f’(Z):uerivx:vy—iuy:()_

This implies that u, = uy, = 0 or u = g(y) = h(z) for some functions g and
h. Since z and y are independent variables, we find that u = g(y) = h(z) = q,
where a is a constant in R. By the previous example, we conclude that f = u—+iv
is a constant.

EXAMPLE 2.26 If f is analytic in a region and if |f| is constant there, show
that f is a constant.

Solution
Suppose |f| is a constant. If |f| = 0 then v = 0 and v = 0. Suppose |f| # 0.
Then |f|? = u? + v? = ¢ where c is a constant. This implies that

Uy + vy =0 (2.3)
and

Uty + vy = 0. (2.4)
Using the Cauchy Riemann equations u, = v, and u, = —v,, we rewrite (2.3)
and (2.3) and (2.4) as

Uly — VUy = 0 (2.5)
and

Uly + VUy = 0. (2.6)

Eliminating u, using (2.5) and (2.6), we conclude that
ug (u? 4+ v?) = 0.

Since | f|? is a non-zero constant, we find that u, = 0. Solving u, in a similar
way, we conclude that u, = 0. This implies that u = s(y) = t(«) and so, u is a
constant. By Example 2.24, we conclude that f is a constant.

The exponential function

DEFINITION 2.6 A function which is analytic on the whole of C is said to be
entire.
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EXAMPLE 2.27 Find an entire function f(z) which satisfies the conditions

fz+w) = f(2)f(w) (2.7)
and
f(x) =¢€", when z € R. (2.8)

Solution
Let z = x + iy. Then by (2.7),

f(2) = f(2)[f(iy) = e f(iy) = e"(A(y) +iB(y))

for some functions A(y) and B(y).
Now, since f is analytic, Cauchy Riemann equations are satisfied and with
u = e"A(y) and v = e*B(y), we have u, = vy, and u, = —v, implies that

A(y) = B'(y) and A'(y) = —B(y)
respectively. This implies that
A'(y) + A(y) =0.
Similarly
B"(y) + B(y) = 0.
Let g(y) be a function satisfying
9"(y) +9(y) =0.

It is immediate that siny and cosy are two linearly independent solutions of
the above differential equations. Since A(y) and B(y) are also solutions of the
differential equations, we conclude that

A(y) = acosy + fsiny
and
B(y) =~cosy+ dsiny

for some constants «, 8, and 4.
With the expression for A(y), we deduce that

B(y) = —A'(y) = —Bcosy + asiny.
Since f(z) = e®, we conclude that A(0) = a = 1. Also, B(0) = 0 = —p.
Therefore,
A(y) =cosy and B(y) =siny.
Hence,

f(z) = €® (cosy +isiny).



36 Analytic Functions

The function f extends e and is entire. We write f(z) as e*.
Note that if we compare e* = e**% with e®(cosy + isiny), then we see that

e’ =cosy+isiny.

Therefore,
. e — e~ e 4 e
siny = — and cosy = —
As in the case of €”, we may define sine and cosine with variables z € C as
eiz _ efiz eiz + efiz

sing = ———— and cosz =
21 2

Remark 2.4 We have assumed that A(y) and B(y) are linear combinations
of siny and cosy and that the expressions for A(y) and B(y) are unique. For
more information on the uniqueness of solutions of differential equations with
initial conditions, see Chapter 3 (pp. 62-80) of E.L.Ince’s “Ordinary differential
equations”.

EXAMPLE 2.28 Show that

de? , dsinz . . .
=@, =cosz and sin(z 4+ w) = sinz cosw + sinw cos z.
dz dz
2.9 Harmonic functions

Let f(z) = u+ iv be an analytic function on a region R. We will show later that
f'(z) is also an analytic function on the region R. Suppose for the moment, we
assume that

If f is analytic at z, then f'(z) is analytic at z.
We observe that
() = ug + vy = vy —iuy, = @ +40. (2.9)
Let ® = u, and ¥ = —u,. Since f’ is analytic &, = ¥,,. Hence,
Ugzy = —Uyy

and v is harmonic. Similarly, using ® = v, and ¥ = v, and the fact that
o, = —V,, we deduce that v is harmonic.
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DEFINITION 2.7 A real-valued function hA(x,y) is said to be harmonic in a
region R if all its second order partial derivatives are continuous in R and if, at
each point of R,

We sometimes use V2h or Ah to denote hgy + Ryy-
We have seen in the beginning of this section that if f is analytic at z then u
and v are harmonic functions.

DEFINITION 2.8 Let u be harmonic. If v is a harmonic function satisfying the
Cauchy-Riemann equations
Uy =Vy and Uy = —vg,

then v is called the conjugate harmonic function of u.

EXAMPLE 2.29 Verify that « = 2y — x + y is a harmonic function and find its
harmonic conjugate.

Solution

The verification that w is a harmonic function is straightforward since u,, =
Uyy = 0. Now, u, = y — 1 and uy = z + 1. Using Cauchy-Riemann equations,
we find that v, =y — 1 or v = y?/2 — y + s(x). Also, —v, = x + 1 implies that

v=—2%/2 — x + t(y). Now, we must have
22 o2
Ty =L _y—t =C
5 —r—s@) =5 —y—ty)

and

EXAMPLE 2.30 Show that if f = u + ¢v is analytic, then u + v is harmonic.
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Solution
First solution :

(U4 V)pe + (U4 V)yy = Uggy + Vpg + Uyy + Uy = 0.

Second Solution:
Note that f = v+ iv and if = v — iu are both analytic. Therefore f +if =
(u+v) + i(v — u) is analytic and hence u + v is harmonic.

Appendix

We motivate the general definition of continuous functions by proving the fol-
lowing :

THEOREM 2.4 Let f be a surjective function from C to C. The following are
equivalent :

(a) f is continuous
(b) If V is an open set in C, then f~1(V) is an open set in C, where

fH(A) ={z € C|f(z) € A}.

Proof

We first show (a) implies (b). We translate continuity of f in terms of open balls.
Observe that f is continuous at zy if and only if for every € > 0, there exists
de > 0 such that

f(B(2056¢)) € B(f(20); €)-

Now, let V' be open in C. We must show that f~1(V) is open in C. Let 2y €
f~Y(V). Then f(z9) € V. Since V is open, there exists ¢ > 0 such that

B(f(20);¢) C V.
For this € > 0, there exists . > 0 such that
f(B(2056c)) € B(f(20);€) CV,
by continuity of f. This means that
B(z036c) € f7H(B(f(z0);€)) € fTH(V).

Hence f~1(V) is open.
To show that (b) implies (a). Let f be a function satisfying (b). Let ¢ > 0
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and since B(f(20);€) is open, f~1(B(f(20);¢€)) is open in the domain of f. Since
20 € f~H(B(f(20);€)) and the set is open, there exists d. > 0 such that

B(2036c) € f7H(B(f(=0):€)),
or
f(B(z0;6c)) € B(f(z0); €),
and so f is continuous. O

The usual definition for continuous function from X to Y where X and Y are
topological spaces is the following:

DEFINITION 2.9 A function f from topological spaces X to Y is continuous if
for every open set V in Y, the set f~1(V) is open in X.

If X and Y are subsets of C, we can form topological spaces from X and Y by
declaring that the open sets in X and Y are sets of the form ONX and ONY
respectively, with O open in C. We sometimes call such open sets relatively open
sets. I prefer to call sets ON X (or ONY), O open in C, as sets that are “open
in X” (or “open in Y”).

We now show the following:

THEOREM 2.5 If f is a continuous function from X to Y (in the usual sense),
then for every V open in Y, f~1(V) is open in X.

Proof
The function f is continuous at v means that for every € > 0, there exists d. > 0
such that

f(B(u;8¢)) € B(f(u);e).
Suppose V is open in Y. Then V = O NY where O is an open set of C. Now
V)= fHo)nX.

Let u € f~1(V). Then f(u) € V and hence, f(u) € O. This implies that there
exists € > 0 such that

B(f(u);e)nY cONY
since O is open. Since f is continuous at u, there exists §(u) > 0 such that
f(B(u;0(u)) N X) C B(f(u);e) NY.

Hence

B(u;6) N X C fTH(B(f(u);e)) N X C fHV).
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Therefore,

= U (B(U;5(U))0X)( U B(U;5))0X

uef-1(V) uef~1(V)

and this implies that f~1(V) is open.
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Line Integrals

In real analysis, we encounter integrals defined by

/a b F(x)dz

for some interval (a,b). In complex analysis, we have analogue of integrals as
well. We will begin with the simplest type of complex integrals, the line integrals.

Properties of Line integrals

DEFINITION 3.1 Let f(¢t) = wu(t) + iv(t) be any continuous complex valued
function of the real variable ¢, a <t < b. Then

/ab F(t)dt = /abu(t)dt +i /abv(t)dt.

Note that in general, our f(z) depends on two variables z,y since z = x + iy.
Here, we assume that z is of the form x(¢) + iy(t) and consequently, f(z) is a
function of t.

DEFINITION 3.2 If 2(t), y(¢) are continuous on [a, b] and their derivatives z'(¢),

y'(t) are continuous on intervals [a, z1], [1, Z2]," - , [Tn_1, b], where
n—1
[a,8] = | [ws, Tisa], w0 = a, 20 = b,
=0

then we say that the curve

z(t) = z(t) +iy(t)

is piecewise differentiable and we set

2(t) = 2'(t) + iy (t).
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DEFINITION 3.3 The curve is said to be smooth if 2(t) # 0 except at a finite
number of points.

We will assume smoothness throughout our course unless otherwise stated.

EXAMPLE 3.1 Examples of smooth curves:

(i) z(t) =t+it2,0<t < 2.

DEFINITION 3.4 Let C be a smooth curve given by z(t),a < t < b, and suppose
f is continuous at all points z(¢). Then the integral of f along C is defined by

/Cf(z)dz = /abf(z(t))z"(t)dt.

DEFINITION 3.5 The two curves

Cy:z(t),a <t <b,
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Cy:w(s),c<s<d,

are smoothly equivalent if there exist a one to one function A : [¢,d] — [a,b]
which has continuous first derivative such that A(c) = a, A(d) = b and

w(s) = z(A(s)).

EXAMPLE 3.2 The functions
2(t) =t+it>,0<t <3

and
w(s) =(s—1)+i(s—1)%,1<s<4

give the same curve. Here, A(s) = s — 1.

THEOREM 3.1 If Cj and (3 are smoothly equivalent then

f(z)dz = f(z)dz.
C Cs

Proof

Suppose C1 is given by z(t), t € [a,b] and Cs is given by w(s), s € [¢,d], with
A(s) being a one to one function with continuous first derivative from [c, d] to
[a, b] and

Now,

f(w)dw = ' fw(s))u(s)ds
Cs c
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= [ fA$)EA(s))N (s)ds

= [ flz(w)z(p)dp, with p=A(s)
= f(2)d=.

Hence the result. O

Remark 3.1 The second equality above follows by splitting the second integral
into real and complex part, apply integral by substitution, and collect the result-
ing integrals. We write the proof as above to show that the result follows from
the substitution pu = A(s).

DEFINITION 3.6 Suppose C is given by z(t),a <t < b. Then —C' is defined by
z(b+a—s),a<s<h.

THEOREM 3.2 Let C be a smooth curve and f be a continuous complex-valued

function. Then
/—C f(z)dz = —/Cf(z)dz.

Proof
Let w(s) = z(b+ a — s). Then

b b
[c fw)dw = /a flw(s))w(s)ds = /a fb+a—s))z(b+a—s)(b+a—s)ds
- [ feozoEn-a
where we let t = b+ a — s and observe that ds = —dt. Therefore,

[ swmw=— [ et = - | sa

O

THEOREM 3.3 Let C be a smooth curve. Let f and g be continuous functions
on C, and let « be any complex number. Then

@) Jo f(2) +9(2)dz = [ f(2)dz + [ 9(2)dz,
(b) [oaf(z)dz=a [, f(z)dz.
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EXAMPLE 3.3 Set C: z(t) = Rcost + iRsint,0 <t < 2w, R # 0. Show that

1
/fdz:Zm'.
c <

Solution
The curve C' is parametrized by z(t) = Rcost+iRsint. This implies that 2(t) =
—Rsint + Rcost. Hence

2m
/ldz:/ ;(R(fsintJricost))dt
c o R(

z cost + isint)

_/27T (—sint + icost)(cost —isint) i@t
o sin?t + cos? t

2
= / idt = 2mi.
0

Note that the above integral is independent of the radius R of the contour C.

EXAMPLE 3.4 Suppose f(z) = 22 +iy?, and Let C : 2(t) =t +it?,0 < t < 1.

Compute
/ z? + iy’ dz.
@

Solution
The curve C' is parametrized by C : 2(t) = t+it?,0 < t < 1. Then 2(t) = 1+ 2it.
' 7i
/ f(2)dz = / (% +it*) (1 + 2it)dt = —.
C 0 10

The line integral of f(z) over C has properties similar to Riemann integrals.
We state two of them here and leave the proofs as exercises.

EXAMPLE 3.5 Evaluate

i/2
/ e"?dz

where this integral denotes the path (or contour) integral over the straight line
from the point ¢ to i/2.
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Solution
The integral is evaluated as follow:

i/2 1 o
/ e™Pdz = / e ((A=t)itti/2) (=i +1/2)dt
i 0

ol
:_E/ emi(1=t/2) gy
2Jo

-
— E/ e—ﬂ'it/Zdt
2 Jo
— i —in/2 _ 1
2(—ir/2) (e )

:%(1“).

EXAMPLE 3.6 Show that if n # —1 and C is a circle with center 0 and radius
R traversed in the anti-clockwise direction, then

/ Z"dz = 0.
c

Solution
Let C be parametrized by z(t) = Re®,0 <t < 27. Then

27
/z"dz:/ R™e™ i Re™dt
c 0

2m
— iRn+1 / ei(n+1)tdt
0

= iRt (/02” cos((n + 1)t)dt —H/o% sin((n + 1)t)dt> =0.

A generalization of the Fundamental Theorem of Calculus

We begin with two examples.

EXAMPLE 3.7 Show that

/zdz:O
c

by taking C' to be
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(a) the upper semicircle (of radius 1, center 0) from —1 to 1 in the clockwise
direction.

(b) the lower semicircle (of radius 1, center 0) from —1 to 1 in the anti-clockwise
direction.

Solution
For (a), we note that

0
/ zdz :/ ettiettdt = 0.
C T
0 . .
/ zdz :/ etiettdt = 0.
C -7

This example shows that we get the same answer if we change the path joining
¢ and i/2. In fact, this integral depends only on the end points.

1
/fdz:O
c ?

(a) the upper semicircle (of radius 1, center 0) from —1 to 1 in the clockwise
direction.

(b) the lower semicircle (of radius 1, center 0) from —1 to 1 in the anti-clockwise
direction.

For (b), we find that

EXAMPLE 3.8 Show that

by taking C' to be

Solution
For (a), we note that

1 o
—dz = / e iedt = i(0 — 7) = —im.
c ™

For (b), we find that
1 O
/ —dz = / e Mie'tdt =i(0 — (—7)) = im.
c

z —T

This example shows that the integral is dependent on the path joining ¢ and
i/2.

In the first example, the integral is the same for (a) and (b) while the second
example shows that there are integral that depends on paths. In the following
theorem, we show the existence of integrals that only depend on the points of a
path and not on the paths joining them.
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DEFINITION 3.7 A primitive for f on a region D is a function F' that is analytic
on D and such that F'(z) = f(z) for all z € D.

THEOREM 3.4 If a continuous function f has a primitive F in a region D and
C is a smooth curve that begins at « and ends at 3, then

/ f(2)dz = F(B) — F(a).
C

We emphasize that the above theorem implies that if f(z) = F'(2) in a region
D where F(z) is analytic in D and if C' is any smooth curve from « to 5 contained

in D, then the integral f(2)dz depends only on end points « and f.
c

Proof

The proof depends on a complex analogue of the chain rule for differentiation. We
first assume that C' is smooth and parametrized by z(t), a <t < b, with z(a) = «
and z(b) = 8. We observe that there exists a § > 0 such that z(t + h) — z(¢) is
non-zero whenever |h| < §. This is because £(t) # 0 implies that |2(¢)| > 0. Let
e = |2(t)|/2. Then there exists a 6 > 0 such that

AN =20 ) < o2

whenever |h| < 4. Using the triangle inequality, we deduce that

12(t)] — |(=(t + h) — z(h))/R| < [2(D)]/2,
l2(t+ h) — 2(t)] > hl2()]/2 > 0.

Let v(t) = F(z(t)). Then since z(t + h) — z(t) is non-zero for |h| < §, we find
that
F(z(t+h) = F(=(@1))

(t) = lim -
gy PG+ R) = F2(t)  2(t+h) - 2(t)
h—0 z(t+h) — 2(t) h ‘

Thus,

Now, observe that
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and the proof of the theorem is complete.
O

Remark 3.2 1If C is only piecewise smooth from « to [, it is a union of finitely
many piecewise smooth curves. We may apply the above result to each of these
smooth segment and the integral over piecewise smooth curve is still dependent
only on « and 8.

EXAMPLE 3.9 By finding a primitive for f(z), evaluate

/ e"*dz
[i,i/2]

where [i,4/2] denote the straight path from i to i/2.

Solution
It is known that if F(z) = ¢

when z is real)

T2

, then (this is obtained by the integrating e™

F'(z) = €™

1 . .
/ e dy = — (671'1/2 7 67”) )
[i,4/2] &

Remark 3.8 The integral fc(

Hence,

0:R) z"dz is always 0 when n # —1 because

diz""/(n+1)) _
=z
dz
and z"t1/(n + 1) is analytic on C(0; R).

The M L-formula

LEMMA 3.5 Suppose G(t) is a continuous complex valued function of ¢. Then

/a ' Gyt

< /b|G(t)|dt.
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Proof
Let

b
/ G(t)dt = Re’’ R >0,
since the integral is a complex number. Therefore,

b
/ e G(t)dt = R.

Suppose
e WG(t) = A(t) +iB(t),

where A(t) and B(t) are real valued functions of ¢. Then

R:/abA(t)dt—M/abB(t)dt.

But since R is real,

/abB(t)dt =0

and
R:/bA(t)dtz/bRe(e—i"G(t))dt.

But |Re(2)| < |z| and so,

R< /b =G (1)) dt = /b G| dt

since |e?’| = 1. Therefore,

/a ’ Gt
/abG(t)dt

We now establish the M L-formula.

b
— Rl =R < / IG(8)dt,

or

< /b G()]dt.

THEOREM 3.6 Let C be a smooth curve of length L and f be continuous on
C and |f| < M on C. Then
| e
c

< ML.
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Proof
Let C be represented by z(t) = x(t) + iy(t). Then by Lemma 3.5,

=/:f(Z( Hat| < /\f H(0)] .

b b
[ s ol < / (| () 20 s

Now,

51

Next recall that if a curve z(t) = x(¢t) + y( ) then the length L of the curve is

given by !

b b
| Ve@ETwara= [ o
/f(z)dz
C

Hence,

<ML.

EXAMPLE 3.10 Let C be the contour z = 3e*?,0 < # < 7. Show that

/ i dz<9—7r
022+1 _8

Solution
From Theorem 3.6, we know that

d
/Cz2+1 ?

< MIL,

where M is the bound of |f| on C and L is the length of C. We now compute

M. On C, z =3¢ and so, |z| = 3 and |22 + 1| > 9 — 1 = 8. This implies that

Hence,

: ‘

<3
2241~ 8

3
on C. Therefore M < 3 Next, the length L of the arc C' is clearly 3x since this

I Stewart’s Calculus, Theorem 9.1.2.
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is the perimeter of the semi-circle with radius 3. Therefore, by the M L-formula,

we deduce that
z 97
—dz| < —.
/C 22 +1 Z‘ - 8
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The Cauchy-Goursat Theorem

The Cauchy-Goursat Theorem

DEFINITION 4.1 A closed curve C is a curve where the initial point and ter-
minal point meets. A simple closed curve C'is a closed curve which has no other
meeting points.

DEFINITION 4.2 A set S is star-shaped if it has a point s, called the star center,
so that for each z € S, the segment [s, 2] lies in S. Here [s, 2] denote the line
joining s and z.

Remark 4.1 Suppose P(z,y) and Q(z,y) together with their partial derivatives
are continuous in the region bounded by a simple closed curve. Then according
to Green’s Theorem in advanced calculus

/C Pdz + Qdy = 4 / (Qz — Py)dzdy.

The first integral is over the contour and the second is over the region bounded
by the contour.

Now consider
f(z) = u(z,y) +iv(z,y),

is analytic in R bounded by C. Then
/ f(z)dz = / (u + iv)(dz + idy)
c c

:/udx—vdy—i—i(/ vdz + udy)
c

c
= /(—v)gC — uydzdy + z(// Uy — vydady) =0,
R R
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since Cauchy-Riemann equations are satisfied, namely, u, = v, and uy, = —v.
Therefore,
/ f(z)dz =0.
c

In the above discussion, we have assumed that f’ is continuous. Our aim will
be to prove a result similar to the above without assuming the continuity of
f'. We will now remove this condition and prove the following Theorem due to
Goursat:

THEOREM 4.1 Suppose f is analytic on a star-shaped region S and C' is a
simple closed curve in S traversed in the counterclockwise direction. Then

/C F(x)dz = 0.

Before we proceed to the proof, we look at some examples.

EXAMPLE 4.1 Let f(z) = ze *. Now ze “ is analytic in |z| < 1. Therefore

/Cf(z)dz =0.

DEFINITION 4.3 Let d(z,y) = |x—y| and if S is a set in C, we let the diameter
of S, denoted by diam S, to be

diam S = sup{d(z,y)|z,y € S}.

LEMMA 4.2 Suppose {F}} is a collection of non-empty closed sets with

FEDODF,DF3D -
oo
and diam F,, — 0 as n — oo, then ﬂ F,, consists of a single point.

n=1

A sequence {z;} C S is Cauchy if for every € > 0, there exists N. € Z* such
that |z, — zm| < € whenever n > m > N.. If S is a set for which every Cauchy
sequences in S is convergent, then we say that S is complete. It is known that R
is complete. Note that this is a consequence of the axiom that every sequence that
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is bounded above has a least upper bound. The fact that R is complete implies
that C is complete. In other words, every Cauchy sequence in C is convergent.

Proof
Let 2z € F}. Since diam F,, — 0 as n — oo, we find that for all € > 0, there
exists N, € ZT such that

diam F,, < €
whenever n > N.. Let n > m > N.. Then z,, z,, € Fi, and
|20, — 2m| < diam Fiy, < €.

This implies that {z;} is a Cauchy sequence and therefore it converges to a limit
20 If

)
20 € m Fn,
n=1

oo
then we have proved that ﬂ F,, is non-empty.

n=1

If
20 ¢ m Fn7
n=1

then

20 € U Fﬁ.
n=1
This implies that 29 € F¢ for some integer s € Z'. Since Fj is closed, F¢ is
open and B(zg;0) C F¢ for some § > 0. This implies that
B(zp;6) N Fs = ¢,

or

|w— 29| > 6

for all w € F,. If n > s, then F, contains F,, and hence |z, — z9| > d since
zn € I, C F;. This implies that z, does not converge to zg.

oo
Now, suppose 2,y € ﬂ F,,. Then

n=1

d(ZOa y) < dla‘m(Fn)7

for n > 1. But diam(F;,) — 0 as n — oo implies that d(zp,y) = 0. Hence zo = y.
This implies that

() Fn = {20}
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LEMMA 4.3 If f is analytic on an open set D and T is a closed triangular region
with boundary 9T that lies in D, then

/8 @)z =0

Proof
We will prove the result by contradiction. Suppose

I:= f(z)dz # 0.
oT

Take the mid-point of each side and subdivide T into four triangles T, 72, T3,
and T* (See the following diagram).

L\

4
- f(z)dz = kz: f(z)dz.

— Jork

Note that

Hence, by triangle inequality,

0 #

f(z)d=
T

4
<>
k=

1

/ f(z)dz|.
aT*
If

<1
4

(z)dz

f(z)dz
aT

aT*

for k =1,2,3,4, then by (4.1), we conclude that

1)< 541 =1
4 - bl

which is a contradiction if |I| > 0. This implies that (4.2) cannot be true and

there exists ig with 1 <9 < 4 such that

ICIEES
z)dz| > —

— 4

oT0

(2)dz| . (4.3)

f
or
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We now rename Ty = T and Ty = T".
Note that the diameter of T is half the diameter of Tp, i.e.,

diam(T%) = 7(11811;(1—'0),
and the length of 9T is also half of the length of 9T, or,
L(0T™) = @. (4.4)
Next, we repeat the above process with To_ replaced by 77 and so on. We
then obtain a sequence of triangles Ty, Ty = T}*,- -+, T, = T " such that the

diameter of T, is 1/2 the diameter of T,_1, which by induction, is 1/2" times
the diameter of Tj, namely,

. diam(Tp)
dlam(Tn) = T, (45)
the length of 97T, is 1/2™ times the length of T', or
L(oT
L(oT,) = 9 )
2'(1,
and that
f(2)dz| > — f(z)dz|.
T, 4m | Jor

Note that {T,} is a sequence of closed sets satisfying Tp D T3 D Tp D - -+ with
diam(7},) — 0 as n — oo by (4.5). By Lemma 4.2, there must be a point

00
20 € n T.
n=0

Let
o i

Since f is differentiable at zg, there is a §¢ > 0 so that

f(2) = f(z0)

Z— 20

> 0.

- fl(zo> <,
whenever 0 < |z — zg| < 0. In other words,
£ (2) = f(20) = f'(20) (2 — 20)| < €|z — zo]. (4.6)

We next claim that there is a positive integer N such that T C B(zo; ).

To prove this claim, we observe that since diam 7,, — 0 as n — oo, there exists
N € Z* such that

de
diamT,, < 5
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whenever n > N. Since zg € Ty, this implies that for all u € T},
. de
lu — 2] < diam T < bl < .
In other words,
Ty C B(Zo;ée).

Combining this claim with (4.6), we deduce that for all z € Ty,

£(2) = £(z0) = f'(20)(2 = 20)| < €|z = z0].

(4.7)

Now, both f/(z9)(2—2) and f(zo) have primitives which are f'(29)(2%/2—202)

and f(z0)z, respectively. Hence,
' (20)(z — z0)dz =0 and f(z0)dz=0
OT N OTN
and we deduce that
|GG = 1)~ F ) =iz = [ (e
TN OTn

Hence, we find that

1 1
0<4—N|I|:4—N| f(z)dz

9To

<

f(z)dz

TN

f(z) = f(20) — f'(20)(z — 20)dz

OTN

Since we are integrating over 9Ty, we deduce from (4.7) that

|f(2) = f(20) — f(20)(z — 20)| < €|z — 20| < € diam(Ty).

Using (4.8),(4.9), (4.5), (4.4) and the M L-formula, we deduce that

0<|Il= < 4Ne(diamTy)L(0Ty)

(2)dz

9Ty

1 .. 1 I
< 4N62—Nd1am(T0)2—NL(8TO) = %

This is clearly a contradiction and we conclude that I = 0.

4.2 Existence of primitive

Recall in calculus that if f is continuous on (a,b), we can create a primitive by

letting

F(z) = / oL
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We then show that F'(z) = f(z). As an application, we define
1
Inz = / —dt
1 t

dlnzx 1

and note that

dz z

In order to create primitive for continuous function on star-shaped region, we
will follow the above idea and set

F(z) = /[ S

where s is the star center. This is the starting point of the proof of the following
theorem.

THEOREM 4.4 Let S be an open star-shaped region and f be continuous on
S. Let T be a closed triangular region and 0T be the boundary of the triangle
traversed in the anticlockwise direction. Suppose

f(z)dz=0
aT

for every T in S, then f has a primitive F" on S.

Proof
Let s be a star center for S. For each z € S, define

F) = /[ S0

We will show that
F'(20) = f(20)

for all zg € S.

Let zp € S. Since S is open, there exist a d; > 0 such that B(zp;d1) C S (S is
open).

Next, since f is continuous at zg, we find that for e > 0, there exists do > 0
such that

[f(0) — f(20)| < € whenever |z— zp| < d2 (4.10)
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Let 6 = min(dy,02). For z € B(zp;9),

[ Y

since by hypothesis, the integral over any boundary of a triangle in .S is 0. This
implies that

LOA A C) T p— { / f(C)dC—(Z—Zo)f(Zo)}
zZ— 2 2= 20 [5,2] [5,20]

_ _ f(Zo)/ 1d¢
Z_ZO [ZOZ] S P

SEEr BICICOR L

Therefore, for 0 < |z — zo| < 4,

F(z)—F 1
’(z)(zo)—f(zo)’< €|z — 20| =€,
z— 2o |z — 20|
where we have used (4.10) and the M L-formula. This implies that F'(zp) =
f(z0)- O

We now state the Cauchy-Goursat Theorem for star shaped region.

THEOREM 4.5 Suppose f is analytic on a star-shaped region S. Then for every
simple closed path C' in S traversed in the counterclockwise direction,

/C f(2)dz =

Proof
By Lemma 4.3,

f(2)dz =

aT
for any closed triangle T'. Therefore, by Theorem 4.4, there exist a function F(z)
such that
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But if f has a primitive, then by Theorem 3.4,

/Cf(z)dz

depends on the starting point and end point of C'. But since C is a closed curve,
these points are the same. Hence,

/C f(2)dz = 0,

and this completes the proof of the Theorem. O

EXAMPLE 4.2 Let C :={z € C:|z| = 1}. Show that

2
/ i dz = 0.
CZ_S

Solution

In the region |z| < 1, the function 3 is analytic. Hence, by the Cauchy

2
/ c _dz=0.
CZ_S

Remark 4.2 We summarize what we have done in order to prove Theorem
4.5. We first show that if f is analytic on a region D then the integral of f
over any boundary of a triangle in D is 0. We use this fact to construct a
primitive of f for function analytic on a star-shaped region. We now observe
that if S = {z| — 7 < argz < 7} then S is a star shaped region with star center
1 (In fact, we can choose any positive real number to be the star center.) Hence

Theorem,

if we let
1
an:/ —dc,
1 €
we find that
dLn z 1
dz z

Note that when z is real and positive,

T
1
/ —dt =1Inx.
1 t

It can be shown that

and hence Lnz is an inverse function for e?. We use the word “an” because
Lnz + 27mik is also an inverse function for e* for any integer k.
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Extended Cauchy-Goursat Theorem

In this section, we prove a slightly more general result than the Cauchy-Goursat
Theorem.

THEOREM 4.6 Let f be continuous on star shaped region and analytic on
S —{z0}. Then f has a primitive on S and consequently,

/Cf(z)dz =0

for every simple closed curve in S traversed in the counterclockwise direction.

The proof of the above is exactly the same as Theorem 4.5. The only difference
is that we need a different version of Lemma 4.3 which we now state.

LEMMA 4.7 Let f be continuous on S and analytic on S — {20}. If T is any
triangle contained in S, then

f(z)dz = 0.
oT

Proof
We split our proof into several cases.

Case 1. If the closed triangle T does not contain zg, then the conclusion follows
using Lemma 4.3.

Case 2. Suppose zg is a vertex of T' and suppose that

Il = >0

f(z)dz
orT

Since zg € S and S is open, we can find é; > 0 such that B(z;d1) C S.
Next, f is continuous at zy implies that there exists do > 0 such that

|f(z) = f(z0)] <1 whenever |z — 2o| < 2.
In other words,
|f(2)] <1+ |f(20)] whenever |z — 2| < Ja. (4.11)

Next, let
sl
8(1f(z0)| + 1)

and set § = min(d1, d2, d3).
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Choose a and b on the triangle T" such that the triangle T} formed by
20, a and b lies inside B(zp;0). Note that

f(z)dz = f(z)dz.
T ot
Now, the length of Tj is less than 4§ (the lengths of [29,a] and [zo, b]
are each less than § and the length of [a, b] is less than 26, the diameter
of C(z0;9)). By (4.11), |f(2)| is bounded by |f(z9)| + 1. Hence, by the
M L-formula, we find that

0<|I|= f(z)dz

oT

< (|f(20)] +1) 40
1

2 )

where we have used the bound § < é3 in the last inequality. Hence

1]
1
2 > 1]

and we have a contradiction. This implies that |I| = 0.

Case 3. If zg lies on the edge of the triangle, we just divide the triangle into two
triangles having zy as a vertex and apply Case 2.

Case 4. If zg lies in the interior of T, we join zy to the three vertices to form
three triangles with vertex zy and apply Case 2.

This completes the proof of the lemma. O

The Cauchy Integral Formula

We now apply Theorem 4.6 to obtain an important result.

THEOREM 4.8 Let f be analytic in a starshaped region S and let C' be a simple
closed contour in S traversed in the counterclockwise direction. If w is any point
interior to C, then

_ 1 f(2)
flw) = o Cmdz.

This is called the Cauchy Integral Formula. It tells us that if a function f is
analytic within and on a simple closed curve, then the values of f interior to C'
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are completely determined by the values of f on C'. In application, we choose C'
to be a circle centered at w with radius r such that C'(w;r) € S.

Sketch of the proof of Theorem 4.8
Define that function

M when z # w
g(z) = z—w
fl(w) z=w.

Note that g(z) is continuous in S and analytic at S — {w}. If C is a simple
closed curve in S, then by Theorem 4.6,

/ g(z)dz = 0.
c
But

I T o 6 B {C W G L N A (O
Of/cg()d 7/0 L d d dz.  (4.12)

crR—w crR—-w

But if C' is a simple closed curve containing w then

1 1
/ dz :/ dz, (4.13)
cr-w Clwiyr) # — W

where C(w;r) is the circle centered at w with radius r traversed in the coun-
terclockwise direction.

By parametrizing C'(w;r) using z(t) = w + re®,0 < t < 27, we find that

1
/ dz = 2mi.
Cwyr) # — W

Therefore,

1
/ dz = 2mi, (4.14)
c R —w

for any simple closed curve containing w. Hence, we may rewrite (4.12) as

fwy= = [ L2

2 Joz—w

dz,

which completes the proof of the theorem. O
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Remark 4.3 We have assumed (4.13) for arbitrary closed simple curve C. Note
that the region bounded by the following curve

is not star shaped. One can cover this compact region by finitely many open
balls with centers in the region. Subdivide the curves so that each subdivision is
in an open ball. Since an open ball is star shaped the integral over the contour
lying in the ball is 0. By adding these integrals, we obtain (4.13).

EXAMPLE 4.3 Let C be a positively oriented circle |z| = 2. Show that

/C CE TP s

Solution
Since the function
z
Z) = —-
f( ) 9 _ ZQ
is analytic within and on C' and since the point zy = —i is interior to C, the

Cauchy integral formula gives

Lammrn= 200 =) = 5

Cauchy’s integral formula can also be used to evaluate certain definite integral.
We illustrate this in the following examples.

EXAMPLE 4.4 Show that

2m
1
/ —d9:2_7r.
o D+4cosb 3

Solution
Let ¢ = €. Then

5+4c030:%(5C+2C2+2).
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‘We deduce that

m 1 1 1 1 1
/0 5+4cost i Je) 262 +5¢C +2 ¢ i Jeony 2(C+1/2)(C+2) ¢

Now, the curve C(0;1) encloses only —1/2 and therefore, by Cauchy’s integral
formula, we deduce that

1 1 1 2T
Z d¢ = Z2mi ===
z‘/mﬂ) RSP z'27”2<<+2>‘4_1/2 3

and this completes the proof of the identity.

Liouville’s Theorem and the Fundamental Theorem of Algebra

THEOREM 4.9 (Liouville’s Theorem) Let f(z) be an entire function. If f(z) is
bounded, then f is a constant.

Proof
Suppose for all z € C, |f(z)| < M, where M is some positive real number. Let
a, b be arbitrary distinct complex numbers. Our aim is to show that f(a) = f(b),
which will imply that f(z) is a constant function.

Let R > 0 be large enough so that C(0; R) encloses a and b. Let C' be the
contour C'(0; R) traversed in the counterclockwise direction. By Cauchy’s integral

formula, we deduce that
1 f(©)
= — d

271 (—a

and

_ 1 f(©)

10 = 55 [ 5 ac
This implies that
f(b)—f(a)=;mLf(C)(<L)—Cia) o [ 1O
By M L—formula, we deduce that
2rRM

As R — oo, we deduce that |f(b) — f(a)| =0, or f(a) = f(b). O

EXAMPLE 4.5 Let f be an entire function and suppose that Re f(z) < M for
all z € C. Prove that f is a constant function.
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Solution
Let g(z) = e/(*). Then

@] = Ref() < M

e

This implies, using Liouville Theorem, that ef(*) is a constant function since
ef(2) is entire. Let f(2) = u + iv. Then ef(*) = e* . €. The fact that e/*) = C
implies that

e =|C].
Hence,
u=1n|C|.

Since the real part of f(z) is a constant, we conclude that f(z) is a constant.

An application of this Theorem is that it yields a simple proof of the Funda-
mental Theorem of Algebra. This is surprising since we are now using results in
analysis to prove results in Algebra. This further shows that topics in mathe-
matics are inter-related.

Before we proceed with the proof of the next theorem, we quote a fact about
continuous functions and subsets of C which are closed and bounded.

THEOREM 4.10 Let f be a continuous function on a region D and S be a closed
and bounded set in D. Then f(S) is also closed and bounded.

Remark 4.4 We will use Theorem 4.10 several times in this course to simplify
our proofs of various theorems. The proof of the theorem is indirect. We first show
that a set in C is closed and bounded if and only if it is compact (see Appendix
for its definition). We then prove that continuous functions send a compact set
to a compact set. This then implies that a continuous function sends a closed
and bounded set to a closed and bounded set.

THEOREM 4.11 (Fundamental Theorem of Algebra) Every non-constant poly-
nomial with complex coefficients has a zero in C.

Proof
Let P(z) be any non-constant polynomial. Suppose P(z) # 0 for all z € C. This

implies that f(z) = 0 is defined for all z € C since f(z) is bounded in C.

The function f(z) is entire because its derivative is given by
P'(z)
P(2)*
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Furthermore, if P(z) is non-constant, P — oo as z — oo and so f is bounded.
This is because since f — 0 as z — oo, for € = 1 there exists M such that

|f] <1 forall|z| > M.

For |z| < M, we see that the set S = {z||z|] < M} is closed and bounded. By
Theorem 4.10, we know that f(S) is bounded, say,

If(z)l < B
for all |z| < M. Hence for all z € C,
7] < max(B, 1)

and f is a bounded entire function.
By Liouville’s Theorem, f must be a constant and so, P(z) must be a constant.
This contradicts our choice of P(z). O

By induction, we see that any polynomial with complex coefficients must factor
into linear factors, in other words,

P(Z):anzn+.-~+a12+ao:an(z—al)...(z_an).

In Chapter 1, we indicate that ¢ may be defined as the root of 22 +1=0. A
natural question to ask is if we consider all possible polynomials with coefficients
in C, say for example, 22 + ¢ = 0, will we discover new numbers analogous to
that of i?7 Or do we have to define new numbers to solve these polynomials? The
above observation says that we do not have to define more numbers. In fact, all
polynomials factor into linear factors in C.

Appendix : Compact sets in C

DEFINITION 4.4 A set S C C is compact if it satisfies the Heine-Borel property,

namely, or every open covering C of S, there exists a finite subcovering of S in
€.

This means that if S C |J,, Uy with U, € C, then
k
Sc | U,
j=1

It can be shown that if S is a subset of C then S is a compact if and only if S
is closed and bounded.
Let f be a function from a region X to Y. A function is continuous on a region
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X if for every set V that is “open in Y”.! the set f=(V) is “open in X”. We
can show that our old notion of continuous function satisfies the above property
(see Appendix of Chapter 2).

We now sketch the proof of Theorem 4.10.

Sketch of the proof of Theorem 4.10
Let C be a covering of f(S). Then

£(8) < |JOa,

[0

where O, is open in C. Let U, = O, NY. Then f(S) C J, Us- This means
that

Scft (U Ua> =UJrwa.

Note that because f is continuous, f~1(U,) is “open in X”. Let f~1(U,) =
O N X, with O open set in C. Since S is compact,

k
sclJo;,
j=1

Hence,
k k
snx=scllJoy |nx=Jr"U,).
j=1 j=1
Hence
k
18) < U (Oa))
j=1
and therefore f(S) is compact. O

Our aim is conclude that if S is compact and f is continuous then |f(S)] is
bounded since a set in C is compact if and only if it is closed and bounded.

We will next prove that a set .S in C is compact if and only if S is closed and
bounded.

We do this in several steps.

LEMMA 4.12 If S C C is compact, then S is bounded.

Proof
It is clear that

Sc | B(s:).

ses

1 We say that U is open in S if U = O N S for some open set O in C.
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Since S is compact, it is covered by finitely many such open balls and we have
k

Sc |JB(s;i1).

Jj=1

Let d = maxi<;<;<k |si — s;|. Given any u,v € S, u € B(sy,;1) and v € B(sy; 1)
for some integers m and n between 1 and k. Now, |u — v| < |u — sp| + |Sm —
Sp| 4+ |v — sp| < 2+ d. Hence the diameter of S is finite and S is bounded by
B(0; |u| + diamS). O

LEMMA 4.13 If § C C is compact, then S is closed.

Proof
To show that S is closed, we show that S = S. Suppose s € 9S and s ¢ S. Then
B(s;e) NS # ¢ and B(s;e) NS¢ # ¢ for all € > 0. In particular, for n € ZT,

1
B (s, > NS # ¢.
n
This implies that
1
B (s, > NS # ¢.
n
Let G, = (B (s, %)) . Note that G, is open. Now,
) )
B — = B —
U(e(-3) =(n= (1)
But {B (s, 1)|n € Z*} is a collection of nested closed sets and by Cantor’s
Theorem (Lemma 4.2),

1
B(s ~)={s)
N5 (sr) =
Therefore | G, = ({s})° covers S (s & ). Since S is compact, S is covered by
finitely many sets G, or

k
Sc G,

j=1
This means that
k

Sn{lUGn | =o

Jj=1

with ny <ng < --- < ng, or

SﬁB(s,1>ﬂB<s,1)--~ﬂB(s,1) =SﬁB<s,1)
ny na Nng Nng

0.
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This contradicts the fact that s € 95. Therefore S is closed. O

We are now left with the proof that if S is closed and bounded then S is
compact 2

DEFINITION 4.5 We say that a set S is totally bounded if for every e > 0, .S
can be covered by finitely many open balls of radius e.

LEMMA 4.14 If S is bounded then it is totally bounded.

Proof

If the set is bounded and € > 0 is given, we can divide the set .S using squares of
side ¢/ /2. Then the finite number of balls with vertices of the squares as centers
would cover S. So, S is totally bounded. O

LEMMA 4.15 If S is closed subset of a complete set, S is complete.

Proof

Let {sx} be a sequence of numbers from S that is Cauchy. Since C is complete,
s — a for some a € C. We claim that a € S. If a ¢ S, a € S° and B(a;¢e) C S°
for some € > 0 since S¢ is open. This means that B(a;€)NS = ¢ and |s; —a| > €.
But this contradicts the fact that sy — a. Hence S is complete. O

LEMMA 4.16 If S is closed and bounded then S is compact.

Proof
From the previous two lemmas, we can assume that S is complete and totally
bounded. Suppose C = {O,} is an open covering for S without any finite sub-
covering.

Let ¢ = % The set S is totally bounded implies that S can be covered by
finitely many open balls of radius €;. Write

S = U (B(ag;e1) N S)
=1

where we only include those open balls with non-empty intersection with S.
By assumption, S cannot be covered by finitely many sets O;’s in C. Hence,

there is an open ball B(x1;¢1) centered at x; with radius €; such that then

non-empty set B(x1;€1) NS cannot be covered by finitely many open sets O,’s

2 This is not true in general for complete metric space. It is true for C and R.
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in C. Now, B(z1;€1) NS is totally bounded since it is a subset of a totally
bounded set S. Therefore B(x1;€1) can be covered by finitely many open balls
of radius e = 272. Once again, among these open balls, there exists an open
ball B(zg;e€) such that the non-empty set B(za;€e3) NS cannot be covered by
finitely many O;’s in C. Continuing with this construction, we obtain a sequence
of sets {B(x;€r) NS} that cannot be covered by finitely many sets in C. For
each k, let s € (B(xy;ex) N.S). Note that

s = Snt1] < [8n — | + [T — Tnga| + |Tos1 — Sna

1 1 1 1 3

gn T gn T gurt gt S ga
Hence,

6
8m = Smapl < [Sm — Sma1] + -+ [Smap-1 — Smap| < om

Therefore, the sequence {s;} is a Cauchy sequence. Since S is complete, s — a
with @ € S. Now S is covered by O;’s in C and therefore, a € O for some open
set O in C. This implies that B(a;d) C O for some ¢ > 0 since O is open. Now,
since s — a, there exists M such that

|s —a|<é
i 3
for all &k > M. We choose k > M, say k = K, such that

_ o

Now, consider the set B(zk;ex) NS. By assumption,
SK € B(fK;EK) na_s.
Let b € B(xk;ex)NS. Then
[b—a|l=1b—2x +2x — Sk + Sk — a|

<|b—2xk|+ ek — sk|+ |skx — a

-3 3 3 7
Therefore, b € B(a;0) C O. Hence, (B(zk;ex)NS) C O and is therefore covered
by a finite number of sets in C. This contradicts our choice of B(zk;€ex) and so
S is covered by finitely many sets in C. O

Remark 4.5 1In the proof of the above Lemma, one can start with open balls
with centers in S. For suppose that B(x;€/2) is one of the finitely many balls
of radius €/2 covering S such that B(z;¢/2) NS # ¢ and that x € S. Then let
s € B(x;€/2). The ball B(s;¢€) covers B(x;¢/2)NS and hence, we obtain an open
covering of S by finitely by open balls B(s;¢) with s € S. Using these balls with
centers in S, we obtain another proof of the Lemma. For more details, see p. 61
of Ahlfors.



5 Cauchy’s Integral formulas and
their applications

5.1 First and Second derivative of Analytic Functions

We will prove in this section that if a function is analytic at a point, its derivatives
of all orders exist at that point and are themselves analytic there. In other words,
if f(2) is analytic at z = w then f(")(z) is analytic at z = w for n > 1.

THEOREM 5.1 Let f be analytic on a starshaped region and suppose C' is a
simple closed contour in S traversed in the counterclockwise direction. If w is
any point interior to C, then

, 1
f(w)ZQWi/C((f(Cu)))QdC'

Proof
First, recall the Cauchy Integral formula

1 f(©)
=— [ —/—=d(.
J(w) 2mi /C C—w ¢
Choose § > 0 such that B(w;J) is contained in the region enclosed by C. Let
z € B(w;9). Then

CESONE N H
C

z—w 270 Jo (¢ —w)?

:Qiri(zjw/cvf(C)(Ciz_C_lw_ (CZ—_;:)?) dc)

_ 1 _ mw)
= i /cf O™

Recall that > 0 is chosen so that B(w;J) is contained in the region enclosed

by C and B(w;d) NC = ¢. Let d be the minimum distance from B(w;d) to C.
! Then

(€= 2)(¢ —w)’| = d”.

! The number d exists because for v € C, the function f(v) = min v—al)isa

a€B(w;d) (‘
continuous function in v and and is greater than 0 because B(w;d) N C = ¢.
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Since f is continuous, by Theorem 4.10, | f(¢)| < M for some M > 0. Therefore,
we find that
M

R Rt

(€= 2) (¢ —w)?
Denoting the length of C' by L and using M L-formula, we deduce that

270 Jo (C—w)?

whenever |z — w| < min(d, 2red®/(LM)). This concludes the proof of the theo-
rem. O

THEOREM 5.2 Let f be analytic on a starshaped region and suppose C' is a
simple closed contour in S traversed in the counterclockwise direction. If w is
any point interior to C', then

= | ( Qe

2mi ¢—w)3

Proof
Choose ¢ > 0 such that B(w;¢) is contained in the region enclosed by C. Let
z € B(w;0). Then

10w 2 2/ IOy
i—w C—w)?

27m (z —w / 1 ( —2)? - (¢ —lw)2 - ?éz__wqj)]:z) @

1 (2 —w— 2)(C — w) — 2(¢ — 2)?
2m/c © (€ <P oy d
| (2 —w)(3¢ — w — 22)

= T )Y T e

where the last equality holds since

(¢ —w=2)(¢ —w) = AC~ 2 = (C—w+ (= )(C — 2+ 2~ w) = ¢~ 2)?
=((-2)(C—w) = (2’ +(-w)((~w+(—2)
= —2)((—w—(+w)+(z-w)(2( —w—2)
=(z—w)(3¢ — 2z — w).

Now, as in the proof of the previous theorem, we find that by Theorem 4.10,

|f(Q)] € M for all ( € C. Furthermore, if d is the minimum distance from
B(w; ) to C, then

dg,

(€= 2)*(¢ —w)’| = d”
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and hence,
M

3¢ —w—2z
10 <M

—PC—w)?
for all ¢ on the contour C. Denoting the length of C' by L and using M L-formula,
we deduce that

f(z) = f'lw) Q/C(Cf@)?’dg‘ < %LM|sz|/d5 <e

Z—w 21 —w

whenever |z — w| < min(§, 2wed®/(LM)). This concludes the proof of the theo-
rem. O

From Theorem 5.1 and Theorem 5.2, we deduce the following important result
which we have assumed when we show that the real and imaginary parts of an
analytic function is harmonic.

COROLLARY 5.3 If f is analytic on a region D then f’ is analytic on D.
By applying Corollary 5.3 repeatedly, we deduce the following corollary.

COROLLARY 5.4 If f is analytic on a region D, then the k-th derivative f*)
is analytic on D for all positive integers k.

Higher derivatives of analytic functions

THEOREM 5.5 Let f be analytic on a starshaped region and suppose C' is
a simple closed contour in S traversed in the counterclockwise direction that

F™(w) = o /C 7(2 _fEUZ))nH dz.

encloses w. Then

21

Proof

We proceed by using mathematical induction. Note that the case for £k = 1 is
Theorem 5.1. Suppose the result is true for £ = n — 1. By Corollary 5.3, we note
that we may apply Cauchy’s integral formula for (n — 1)-th derivative to f’ since
f’ is analytic in D whenever f is analytic in D. Hence,

N=1) () — (n—1)! 1) >
(S (w) . /C( dz. (5.1)

2mi ¢ —w)?
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On the other hand, we know that

((Cf_@))")’ . (CIEP

C—wyr M=y

and hence by the analogue of the Fundamental Theorem of Calculus, we find
that

R STy g (N 52
C

310 Jo €= w7 270 Jo (C—wyr

since C' is a simple closed curve. Combining (5.1) and (5.2), we complete the
proof of the theorem. O

EXAMPLE 5.1 Evaluate the integral

/ 522 +2z+1
———dz
c (2—1)3

where C' is the circle with center 0 and radius 2.

Solution
By Cauchy’s integral formula for f”(z), we conclude that

522 +2z+1
/ E g — wif" (i) = 10mi,
c (2-1)

since f(i) = 10.

EXAMPLE 5.2 When f(z) =1,

1
/ dz = 2mi,
C zZ— 20

1
———dz=0
/c(Z*ZO)'c

and

for &k > 2.

Cauchy’s Integral formula and Extended Liouville Theorem

The Liouville Theorem (see Theorem 4.9) states that if f(z) is a bounded entire
function, then f(z) is a constant. We now give the following extended version of
Liouville’s Theorem:
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THEOREM 5.6 If f is entire and if, for some integer k > 0, there exist positive
constants A and B such that

f(2)| < A+ Bl2|,

then f is a polynomial of degree at most k.

Proof

We first note that if f(™*1)(z) = 0 for all z € C, then f(z) is a polynomial
of degree at most m. We can prove this claim by induction on m. Suppose
j = 0, then this means that f'(z) = 0 and we have seen (using Cauchy-Riemann
equations) that f(z) must be a constant. Suppose the claim is true for j = m—1.
Now f(m+1(z) = 0 implies that (f')™ = 0. By induction hypothesis, this
implies that f/(z) is a polynomial of degree at most m — 1. Now this polynomial
has a primitive (obtained by integrating the polynomial f'(z)) f(z) which is a
polynomial of degree at most m and this proves our claim.

To establish the extended Liouville Theorem, it suffices to show that f("+1)(z) =

0 for all z € C. Let R > 0 be a positive real number. Let w € C. By Cauchy’s
integral formula,

k!
f(k+1)(w) =5 com 7@ _f(uf))kw dc.
By M L-formula and the bound given for f(z), we deduce that
k! R(A+ BR¥)
27 (R — |w|)*+2
The right hand side tends to 0 as R tends to co. Hence,
[fEF D (w)[ =0

or f 1) (w) = 0. Since w is arbitrarily chosen, we conclude that f*+1(z) =0
for all z € C. O

|FED (w)] <

EXAMPLE 5.3 Suppose that f(z) is a non-constant entire and for all z € C,
|f(2)] < A+ B>

for all positive real numbers A and B. Show that f(z) is a linear polynomial.

Solution
For |z] <1, we find that | f(z)| < C for some C' > 0 since f(z) is continuous and
its image on a bounded set is a bounded set. For |z| > 1, then |z|>/? < |2|? and

()] < A+ BJz*/? < A"+ B2,
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where A’ > C. Using Extended Liouville Theorem, we conclude that f(z) =
a2 + a1z + ap. If as = 0, then f(2) is a linear polynomial. Suppose as # 0.
Then

Jas||z[* = laalz] = lao| < |f(2)| < A+ Blz|*?
implies that for sufficiently large R (take R > max(1, y/|a1| + |ao|)) and |z| = R,
lag| RY? — |a1|/RY? — |ag|/R*/? < A/R®/? + B.

The left hand side tends to co as R tends to oo and the right hand side is
bounded. This is impossible and so, as = 0.

Morera’s Theorem and Extended Liouville Theorem

We will now use Corollary 5.3 to prove an important result known as Morera’s
Theorem.

THEOREM 5.7 (Morera’s Theorem) Let f be a continuous function on a star-
shaped region D. Let T be a closed triangle in D and 9T be the boundary of T’
traversed in the counterclockwise direction. If

/an(z)dz =0

for all ' C D, then f is analytic in D.

Proof
We first note that this is very similar to the statement when we wish to derive
primitives for f in our proof of the Cauchy Goursat Theorem. However, we did
not conclude that f is analytic.

Let zp € D. Since D is a region, there exists € > 0 such that B(zp;€) C D.
Now, a open ball is a star shaped domain and the conditions guaranteed that we
could construct a primitive for f, namely,

Fe) = [ 50

20

Now, F'(z) = f(z) and so, F is analytic on zo. But by Corollary 5.3, we conclude
that F’ is analytic at zg. This means that f is analytic at zg. O

We now use Morera’s Theorem to prove the following result.

THEOREM 5.8 Let f be an entire function and

=10 .,
g(z) = z—a :
f(a) if z=a.
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Then g is entire.

Proof

From the definition of g we see that g is analytic at C — {a} and continuous at
z = a. Let T be any triangle in C. By the extended Cauchy Goursat Theorem
(Theorem 4.6), we conclude that

‘éTgmmczo

Hence, by Morera’s Theorem (Theorem 5.7), we conclude that ¢ is analytic at
a and hence g is entire. O

We can now give another proof of extended Liouville Theorem.

EXAMPLE 5.4 Give a proof of the extended Liouville Theorem using Morera’s
Theorem.

Solution
We prove by induction on k. If £k =1, then

[f(2)] < A+ Blzl.
Define

OEV ORI

£(0) itz=0.
By Morera’s Theorem, g(z) is entire. When z # 0 and |z| < 1, g(z) is bounded
by C, say. When |z| > 1,

A
|g(z)|§m+B§A+B.

This implies that g(z) is a bounded entire function and hence a constant. Hence
f(z) = f(0) + 29(2) = f(0) + C=

is a linear polynomial since g(z) = C.
Suppose the claim is true for any entire functions F(z) satisfying

|F(2)| < C + Dlz|*1.
Let f(z) be entire and
[f(2)| < A+ Blz|".
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Define
=10 o,

£'(0) if 2 = 0.

9(2) =

Note that g(z) is entire by Morera’s Theorem. For |z| < 1, g(z) is bounded, say,
by M*. For |z| > 1, we conclude that

A
||

l9(2)| < = + Blz|*"1 < A+ BJz|F L.

Hence, for all z,
9(2)| < A"+ B'[2[*,

where A’ > A+ B. By induction hypothesis, we conclude that g(z) is a polynomial
of degree at most (k — 1).
Since

we conclude that f(z) is a polynomial of degree at most k.

EXAMPLE 5.5 Suppose f(z) is entire and |f'(z)| < |z| for all z € C. Show that
f(z) = a+bz?
with [b] < 1/2.

Solution

The function f’(z) is entire since f is entire. We have |f’(z)| < |z| implies that
f'(z) = Az + B by the extended Liouville theorem. But from the inequality
|f'(2)] < |z| shows that f’(0) = 0 and hence B = 0. Now |f(2)| = |A4z| < |7]
implies that |A| < 1.

Next, f’ = Az implies that f = A22/2 + C and |A/2| < %

Mean Value Theorem and the Maximum Modulus Theorem

We now examine some local behavior of analytic functions.

THEOREM 5.9 (Mean Value Theorem) If f is analytic in a region D and a € D,
then f(a) is equal to the mean value of f taken around the boundary of any ball
centered at o and contained in D. That is

1 2m

fla)=— f(a+re®)dd

:27T0
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when B(a;1) C D.

Proof
From Cauchy Integral formula, we have

I £(0)
f@—méwﬂﬂ%

Let ¢ = re'® + . Then we find that

1 27

fla) fo+re®®)do.

:%0

THEOREM 5.10 (Maximum Modulus Theorem on an open ball) Suppose that
f(z) is analytic throughout a neighborhood |z — zg| < R of a point zq. If | f(2)| <
|/ (20)| for each point z in that neighborhood, then f(z) has the constant value
f(20) throughout the neighborhood.

Proof
Our aim is to show that if | f(2)| is maximum for some z = z¢ in B(z; R) then
f(2) is a constant on B(zp; R). Let w be an arbitrary point in B(zp; R).

Let r = |w — 29| < R. From the Mean Value Theorem (Theorem 5.9), we have

1 27

f(20) = 2/, f(z0 +7re)db.
It follows that
1 2m ) 1 2m )
el =g | [ st retan) < oL [ iro s reian. 53)

By assumption that |f(z)| is maximum, we have |f(zo)| > |f(2)| for z €
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C(#o;r). Hence,
1 2m

o | 1ot relas < |f(eo).

Together with (5.3), we deduce that

2m
2i |/ (20 +re®®)|d6 = | f(z0)],
™ Jo
or
27 .
/0 |f(20)] = f (20 +re)|df = O (5.4)

We claim that |f(w)] = |f(20)| for all w € C(zo;r). Suppose not. Then
there exist T’ such that |f(z0 + re?7T)| < |f(20),0 < T < 2m. Let F(t) =
|f(20)| — | f(20 + 7€%®)|. Then we have |F(T)| > 0. Let |F(T)| = h > 0. Since
F(¢) is continuous, for h/2 > 0, there exists § > 0 such that if [t — T| < § then

()~ F(T)| < 5
or
F(T)| ~ |F()] < [F(T) ~ F(0)] < .
Therefore,
|F(t)] > g
Hence,

T+6 h
/ |F(t)|dt > =25 >0
T-5 2

and this contradicts (5.4). This implies | f(z0)| = |f(z0 + 7€"*)|,0 < t < 27 and

in particular, |f(z0)| = |f(w)]|. Since w is arbitrary, we conclude that |f(z)| =
|f(2)| for all z € B(zp; R). Now, by Example 2.26, we conclude that f is constant
on B(zp; R). O

THEOREM 5.11 (Maximum modulus principle for a region) If a function f is
analytic and not constant in a given domain D, then |f(z)| has no maximum
value in D. That is, there is no point zq in the domain such that | f(2)| < |f(z0)|
for all points z in it.

Proof
We wish to prove that for any w € D, f(w) = f(z0). It suffices to show that
|f(w)] = |f(20)] for all w € D. Since D is a region, there is a polygonal line from

zo to w (see the diagram below):
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To show that |f(w)| = |f(z0)|, it suffices to show that if [zq, z1] is a line, then
|7 (20)] = |f(21)]. By continuing along the polygonal line and using the result for

line segment, we conclude that |f(w)| = |f(20)|-
Now, the line segment [z, 21] is a compact set (closed and bounded in C).

Since D is open, for each v € [z, z1], there exists ¢, > 0 such that B(v;d,) C D.
Note that {B(v;0,)|v € [20,21]} is an open cover for [z, z1]. Since [z, z1] is
compact, there exists a finite number of u; such that

K
[20,21] C U B(uj;év].).
j=1

Taking e = min J,, we conclude that
1<G<K 7

K
[20, 21] C U B(uy;e€).

j=1
We now have the following situation:

e e e e e —_—

AT T 20 >0 >3 >0 > > >7T >T S0 .

4 ‘ s X < < < < < < \ \ \
/ ’ 7 AN AN AN AN AN ANAN \ \ \
/ / I/ I/ Y Y A AV A A \ \ \
: : —¢ )f { '( '( '( '( L 1e 1 1
[ [ | I
L e S S S W S S S
\ \ \ N7 N7 NN NN Ny / / /

R T T T N N

S Y Y Y Y Y

By the maximum modulus principle for open ball, we see that f(z9) = f(u1).
We then continue the process (see the following diagram where the red denotes
those points t with f(¢) = f(z0) and deduce that f(u1) = f(us2).

e e e —

AT 2020 2T >0 > > >7T 2T 0 T
4 4 ‘ < < < < < < < \ \ \
/ / ’ N N N AN AN AN AN \ \ \
! 1 I/ I/ N Y Y N Y A \ \ \
Db e

I I | !
\ \ \%0 \ull\u2/\ /AN AN A A P /
\ \ \ N7z N NN NN Ny / / /
N N N * X > x x x x 7 7 7
N N N, N N NN N NN o - -

AP LI LIPS L P P L) -

This shows that f(z1) = f(z0) if [20,21] C D and by the remark in the

beginning of the proof, we conclude that f(z) is constant on D.
O
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COROLLARY 5.12 Suppose a function f is continuous in a closed and bounded
region D and it is analytic and not constant in the interior of D. Then the
maximum value of |f(z)| in D, which is always reached, occurs somewhere on
the boundary of D and never in the interior.

Proof
The function f is a continuous function on a closed and bounded set and so, its
image is closed and bounded by Theorem 4.10. Let M = sup,cp |f(2)]. Then
there exist u € D such that |f(w)] = M since f(D) is a closed set (see Remark
5.1). So the maximum modulus is attained. Now since f is not constant, this
value cannot be attained in the interior of D, hence the maximum modulus is
attained at 0D.

O

EXAMPLE 5.6 (Bak-Newman, p. 84, Problem 6) Suppose f is a non-constant
analytic function in the annulus: 1 < |z| < 2, that |f| < 1 for |z] = 1 and that
|f| <4 for |z| = 2. Prove that |f(2)| < |z|? throughout the annulus.

Solution
Let g(2) = f(2)/2°. Then from hypothesis,
[/ (2)
o(a)] = 21 <
when |z| = 1 and |z| = 2. Hence, |g(z)| < 1 on the boundary of the annulus.

Therefore, by maximum modulus principle, |g(2)] < 1on 1 < |z| < 2. This shows
that |f(2)] < |z|?on 1< |2| < 2.

Remark 5.1  Let M = sup, 5 |f(2)| where D is the closure of D. Then for
e = 1/n, we know that M — e cannot be a upper bound and hence, there exists
zp, such that M — 1/n < |f(zn)| < M. We thus create a sequence {|f(z,)|} that
converges to M. Since |f| is continuous, |f(D)| is complete. Therefore |f(z,)]
converges to |f(zo)| for some zg € D and so, the maximum M is attained by
some 29 € D.
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Convergence of Sequences and Series
In the proof of Theorem 4.2, we have already seen the definition of a sequence.

We needed the notion of Cauchy sequence to define complete space. We now
revisit infinite sequence.

DEFINITION 6.1 An infinite sequence of complex numbers
21522, 520y,
has a limit £ if for each positive €, there exists a positive integer N, such that

|zn, — €] < € whenever n > N..

Given a sequence {zj}72,. We construct the sequence {Sj}7°, where

k
j=1

This sequence is called the sequence of partial sums associated with {z;}%2 .
If the new sequence {5, }52; has a limit S, then we say that the infinite series

o0
D
k=1
converges and write

zr =58 = lim S,.

n—oo

NE

k=1

The expression

o0

S

k=1

is called an infinite series associated with {z}%2 . If the limit of the sequence
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{8,152, fails to exist, then we say that the infinite series
o0
5
k=1

diverges.

Taylor Series

We turn now to Taylor’s Theorem.

THEOREM 6.1 Suppose that a function f is analytic throughout an open ball
B(zo; R). Then at each z € B(zo; R), f(z) has the series representation

f2) =Y ar(z—2)* (z— 2| <R),
k=0

where

(k)
a/k):f k('ZO)7k:O71727.'.'

The above theorem is the familiar Taylor series (when restricted to real vari-
ables) from Calculus.

Proof

First, set z9p = 0 and suppose f is analytic in |z| < R. Let z be chosen and
suppose that |z| = r < R. Choose R; such that » < R; < R and let Cg, be the
circle C(0; Ry) traversed in the anti-clockwise direction. By the Cauchy Integral

formula,

1
f(z)=— f(s)ds
27 Cr, 85— %
Now,
1 1 1 1 1
s—z s\1_2 s 1-2
s s
1—1+2 z
=-11 S =211 S
s 1-Z2 s +1_f
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z 1 1 z Z\2
=-(1+= || == 1+—+<—) R
S s\1._2 S S S 1-2
s s
Therefore,
1 z+22+ +zN_1+ 2N
s—z s 82 83 sN (s — z)sN
Hence
1 1 z ZN-1 2N
_ b TiE L ds.
f(z) 2m'/CR1f(S){s+82+ + N +(sz)sN} 5
Now, the general Cauchy Integral formula says that
|
() = (%) 4.
;) =55 Oy 5
Therefore,
1
f(z):—,/ ®d3+i gds—l—-~-
2mi Jo, S 2mi Cr, S
N-1 1 N
Sy R Py
2mi Jog, S 2mi Jog, (s —2)s
_ f1o) | f20) , FAD0) noy
where
1 N
2 fs)

pr(2) =5 Cn, (5= 2)8
To complete our proof, it suffices to show that py(z) — 0 as N — co. Recall

that r < R;. Hence,
|s —z| > |s| — |z| = Ry — .

This implies that

TN M1 M1R1 r N
<1 _onR = —)
|pN(Z)| - 27 (Rl *T’)R{V T Rl -Tr (R1>
where
My = dnax |f(s)l.

But L < 1 and therefore,
1
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Hence, pny(z) — 0 when N — 0. Thus, for each point in B(0; R),

) = 0 + 10, 20 2 10O

1 91 TR

This special case of series is known as the Maclaurin series of f(z). Setting
fO(z) = f(2), we may rewrite the above series as

= F(0)
f(z):kzzo o

We now prove the Taylor series expansion of f(z). Suppose f(z) is analytic in
|z — 20| < R. Then g(z) := f(z + z0) is analytic in B(0; R). Therefore

But

Therefore,

Replacing z by z — zg, we find that

< (k) (5 |
fo =Y g

k=0

which is (6.1), with |z — 29| < R. O

DEFINITION 6.2 The largest R for which a power series
o0
S(z) = Zak(z — )
k=0

is convergent for all |z — 29| < R is called the radius of convergence of S(z).

There are several ways of computing the radius of convergence of a given power
series. We quote two of them.

|1/k exists.

THEOREM 6.2 Suppose L = limg_,~ |Ck
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(a) If L =0, then
Z Cpz"
n=0

converges for all z.
(b) If L = oo, then the series

o0
E Cpz"
n=0

converges for z = 0 only.
(¢) If 0 < L < oo then

5 e
n=0
1 . 1
converges for |z] < 7 and diverges for |z| > —.

L

The above result is true if we replace limy_. o |C;€|1/’C by limg 00 |Crt1/Chkl-

EXAMPLE 6.1 The radius of convergence of Y, z* is 1. This is because the

series converges to = for |z| < 1.

—Zz

EXAMPLE 6.2 The power series
> .n
2
n=0
is convergent everywhere. To show this, we compute
kh—>nolo [Cha1/Crl = kli—{go %—kl =0

By the above result, we conclude that the series is convergent for all z. This
function turns out to be e”.

EXAMPLE 6.3 Show that
1 o0
5= S k+1)(z+1F, |z+1 <1
k=0



90

6.3

Series

Solution
We first write 1/22 as 1/(1 — (2 + 1))? and then use the power series expansion
for 1/(1 — u)?.

We have seen in this section that if f is analytic at zg then f can be expanded
as a convergent power series about zp in B(zg;r) for some r > 0, namely,

flz)= Z an(z — 2z0)".
n=0

Ifa; =0for j =0,1,---,m, and a1 # 0, then we say that f has a zero of
order m at zg. When m = 1, then we say that f has a simple zero at z = zp. It
can be shown directly that zgp is a simple zero of an analytic function f if and

only if f/(z9) # 0.

Laurent Series

If a function f is not analytic at a point zg, we cannot apply Taylor’s Theorem
at that point. It is, however, possible to find a series representation for f(z)
involving both positive and negative powers of z — zg. A series representation
of f(z) that involves negative powers of z — z is called a Laurent series of f(z)
about zp.

EXAMPLE 6.4 Find the Laurent expansion of
1422

about z = 0.

Solution
The expansion is

o L <1+22)

2\ 1—-z

1
:2—2(1+22)(1+z+22+~~), 0<|z] <1,

1
:2—2(1+2z+z+222+z2+2z3+-~)
1 3
=S+ -+3+34-.
z z

This series expansion is convergent on 0 < |z| < 1.
We will only discuss the case when zy = 0.
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THEOREM 6.3 If f is analytic in the annulus
A={z€ C|Ry < |z| < Rz},

then f has a Laurent expansion

fz) = Z arpz”,

k=—o0

1 f(¢
ak:mLC£+zd<

and C = C(0; R) with Ry < R < Rs.

where

Sketch of proof
The proof of this theorem is similar to that of Theorem 6.1. Suppose Ry < r1 <
ro < Ry. We consider the expansion of 1/(z — s), with s € {z||z|] = r1} or
s € {z]|z] = r2} in two ways.

Let C be the contour C(0;ry) traversed in counterclockwise direction, and
then meet C(0;71), traversed in the clockwise direction and finally return to
meet C(0;732) (see the following diagram).

The result is a simple closed curve that encloses z. Suppose C; and Cs are
the respective paths along C(0;r1) and C(0;rz2) traversed in the anticlockwise
direction. Then

1) =5 [ 2ac

1 f(©) 1 f©Q .
== CQC—zd ~ 5 Clc_izdg—ll—i-lg.
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For the first integral, expand 1/(1 — 2/¢) since or |z/{| < 1. The result is the
same as that for Taylor’s series, i.e.

oo
I = E apz"”
n=0

T omi / C”‘H

For the second integral, we expand 1/(1 — (/z) instead of 1/(1 — z/¢) since
|¢/z] < 1. We have

1
271 Jo, 2(1 = (/2)

Sl e () () e

Z -+ ON,

with

dg

where
1 _
b, = i—1q
= i |, O
and
1 SR
IN T o /6'1 (z) z—CdC'
Now,
1 ri N M
lon| < =—27r ‘ ! ‘ _—
2 z1 |zl —r

where |f(2)] < M on C;. Hence, oy — 0 as N — 0 since |r1/z| < 1.
Observe that Cy and Cy can now be replaced by a common circle C' = C(0; R)
with Ry < R < Ry. Next, if we set b; = a_; then the formula

—J 271'2/ ¢~ J‘H

holds. This means that for all j € Z,

T 9m / (it dc.
This completes the proof of the theorem. O
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COROLLARY 6.4 If f is analytic in the annulus Ry < |z — 29| < Ra, then f has
a power series representation

o0

f(z) = Z ak(z—zo)k

k=—o00

_ 1 f(2)

and C' = C(zp; R) with Ry < R < R».

where

We now give more examples of Laurent series expansions.

EXAMPLE 6.5 The function f(z) = is analytic in 0 < |z — 1| < oo.

1
(z-1)

The Laurent expansion of f(z) about z =1 is just

1
(z—1)*

. . @ .
EXAMPLE 6.6 The Laurent series expansion of — about z =0 is
z

BZ*1+1+1+Z+
22 22z 21 3 ’

The region for which this is valid is 0 < |z| < oo.

EXAMPLE 6.7 e!/# has Laurent series expansion about z = 0 as
=11
1/z _ -
e 71+Zln!2n,0< |z| < oo.
=

Note that the b, in this case are non-zero for infinitely many 7.

EXAMPLE 6.8 Find the first 3 non-zero terms of the Laurent series expansion
of
sin z
23(1 —2)

about z = 0.
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DEFINITION 6.3 We say that zo is an isolated singularity of f(z) if f(z) is
analytic on B(zo;7) — {20} for some r > 0.

We now classify isolated singularities according to the Laurent series expansion
of f(z) about zy. Suppose the Laurent series expansion of f(z) about zy is

o0
f& = Y an(s— 20
n=—o0
If a, = 0 for n < 0, then we say that zg is a removable singularity of f(z).

If a,, = 0 for n < —m for some negative integer —m, then we say that f(z)
has a pole of order m at zg. The function 1/(z — 2z¢)™ is a function with pole of
order m at zg.

If a, # 0 for infinitely many negative integers n, then we say that zg is
an essential singularity of f(z). The function e!/# is a function with essential
singularity at z = 0.

EXAMPLE 6.9 Find all functions f(z) which is analytic at all z except at 0
satisfying the condition that for all non-zero z € C,

1
|f(2)] < M—l/g + |22,

Solution
Let A ={z]|0 < |z| < Ra}. We know that if z € A,

f(z) = Z apz”,

k=—o0

L[ f©)
= — d
= o /C cht 4
whenever C is a simple closed curve enclosing the origin. Suppose & > 1. Let
C = C(0;r). Then by M L-formula and the bound for |f(z)|,

1
—= VT
L9 Lo VAR
270 J oo,y CEH - 27 rhtl

The right hand side tends to 0 as r — oo. Therefore,

where

lax| =

ak:O
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for k > 1.
Suppose k < —1. Then

1 f©)
% A(O;e) Ck+1 d< N

The right hand side tends to 0 as € — 0. Therefore,

lak| =

ak:0

for k < —1. Therefore, f(z) = ag and it must be a constant.

Absolute Convergence, Uniform Convergence and continuity of
power series

We say that a series
o0
S(z) = Z an(z — 29)"
n=0

is convergent if limpy oo ZTILO an(z — 29)™ has a limit. If
o0
§7(2) =Y lan(z = 20)"]
n=0
converges then we say that the series

oo
Z an(z —20)"
n=0

is absolutely convergent.

THEOREM 6.5 If
o0
S(z) = Zan(z — zp)"
k=0

converges when z = 21, (21 # 0), it is absolutely convergent for every value of z
such that |z — zo| < |21 — 20|

Proof
Let
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Since

00
Z an(zl - ZO)n
n=0

converges,

lim |an,(z1 — 20)"| = 0.
n—oo

This implies that for every ¢ > 0, there exists N, € ZT such that
lan(z1 — 20)"| < €

whenever n > N,.. Set € = 1. Then for n > Ny,
lan(z1 — 20)"] < 1.

For n < Ny,

lan(21 — 20)"| < o Lax |laj(z1 — 20)’| = M.

Therefore,
lan(z1 — 20)"| < max(1, M)

for all integers n > 0.
Let
¢

Sp=Y_lar(z = 20)"].
k=0
Then

m

S5 =Sl = D lar(z = 20)"|
k=n-+1

m

= Y law(z1 = 20)"|

k=n+1

k
zZ— 20

21— 20

m
< max(1, M) Z k.
k=n-+1

But the sequence of partial sums {G;} where Gy := Zi:o r* is a Cauchy se-
quence. Hence for every € > 0, there exists N, € Z*+ such that

€

|Gm—Gn| < m Wheneverm>nZN6.
Therefore,
Z lar(z — 20)F| < €
k=n-+1

whenever m > n > N, which implies that S(z) is absolutely convergent. O
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In general the rate at which Sy(z) = Zﬁ;o an(z — 20)

depends on z, i.e., for any € > 0,

™ converges to S(z)

|Sn(z) —S(2)| <€, whenever N > N(z).

However, if we choose z such that |z — zg| < Ry < R, where R is the radius of
convergence of S(z), then there exist an N, which will work for all z in |z — 2p| <
R; < R. When N, is independent of z, we say that S(z) is uniformly convergent.
We also say that Sy (z) converges uniformly to S(z) if |z|] < Ry < R.

THEOREM 6.6 The series
S(z) = Z an(z — 20)"
n=0

is uniformly convergent for |z — z9| < Ry < R, where R is the radius of conver-

gent.
Proof
Let u be fixed and |u — 29| = Ry. Let z € B(zo; Ry1). Let
m N-1
on(2) = n}gnoo Z an(z —20)" = S(z) — Z an(z — 2z0)".
n=N n=0
Now,
Z an(z — 20)"| < Z lan|lz — 20" < Z lan|lu — zo|™. (6.1)
n=N n=N n=N

Now let r be such that Ry < r < R and |w — 29| = r. Note that
o0
Z an(w — z)"
n=0

converges since |w — zg| = r < R. Hence, by Theorem 6.5,

o0
Z an(u— zo)"
n=0

converges absolutely. This implies that for every ¢ > 0, there exists a positive
integer N, such that

Z |an(u — 20)"| < € whenever m > N.
n=N
Therefore, by (6.1), we deduce that

Z an(z — 20)"| < € whenever m > N,

n=N
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with N, independent of z. Hence, S(z) converges uniformly in B(zp; Ry). O

THEOREM 6.7 A power series

o0
Z ar(z — zo)k
k=0

represents a continuous function S(z) on B(zo; R), where R is the radius of
convergence of the power series.

Proof

Let w € B(zp; R) and choose § > 0 such that B(w;d) C B(zp; R1) for some
Ry < R. Then the series S(z) converges uniformly in B(w;d) and this implies
that for any € > 0, there exists a positive integer N, such that

m

Z an(z — z9)"

N+1

< % whenever m > N > N, (6.2)

and the above holds for any z € B(w;d). Write S(z) = S, (2) + pn.(2), with

pn(2) = n}gnoo Z an(z — 20)".
n=N+1
Now, write
1S(2) — S(w)| = |Sw, (2) — Sw. () + px. () — px. (w)| (6.3)
< 1S, (2) = Sy, ()] + |, (2)] + |ow, (w)].
By (6.2),
pr.(2) < 5 and o, (w)| < 3. (6.4)

Next, since Sy, (z) is a polynomial in z, Sy, (z) is continuous at z = w. Therefore,
given € > 0, there exists a 6. > 0 such that

|SN.(2) — Sy, (w)] < % whenever |z — w| < 4. (6.5)
By (6.4), (6.3) and (6.5), we conclude that
€ € €
[S(z) — S(w)] <§+§+§—e,
whenever |z — w| < min(d, §.). This implies that S(z) is continuous at w. O

6.5 Power series and Analytic functions

We have shown that if f(z) is analytic at zp, then f(z) can be expressed as a
series about zg in B(zp;7) for some r > 0. In this section, we will show that a
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power series
oo
S(z) = Z an(z — 2z0)"
n=0

which is convergent in B(zp; R) is an analytic function on B(zo; R).

THEOREM 6.8 Let
oo
Zak(z = zo)k
k=0

be a convergent power series about zg on B(zg; R). Let C be a simple closed
curve contained in B(zp; R) and g(z) be a continuous function on C. Then

S 7ZkZ:ooCL ZZ*ZkZ
/Cg<z>k20ak<z ok d kzokfcmx o)* dz.

Proof
Since g(z) is continuous on C, there exists a positive real number M* such that
lg(z)] < M*. Let € > 0. There exists a positive integer N, such that

ar(z — 20)k| < %
R T
for all n > N,.. Then
S(C)d¢ — Y — 20)Fd¢| = 3 — 20)"d
/C IS = H o /C 9(Q)(C - z0)hdC /C g<<>k§+1ak<< 20)*dC
<LM* e =

whenever n > N.. Hence the result.
O

First, we observe that S(z) is continuous on B(zg; R) by Theorem 6.7. When

g(z) =1, we know that
/ (z—20)"dz=0
c

for any simple closed curve and therefore, if S(z) is a convergent power series,

then by Theorem 6.8,
/ S(z)dz =0
c

for any closed curve in |z — zp| < Ry < R. In particular,

/é)T S(z)dz =0
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for any triangular contour 07" contained in B(zp; R). By Morera’s Theorem, we
conclude the following:

THEOREM 6.9 Let S(z) be a convergent power series on B(zo; R). Then S(z)
is an analytic function on B(zo; R).

EXAMPLE 6.10 Let

sin z

f(z) = when z#0

1 when z=0.

The power series for sin z/z is

Fa

and this series is convergent for all z except at z = 0. But S(0) = f(0). Therefore,
f(z) is the power series S(z) and it is entire since the power series S(z) converges

for all z € C.

Theorem 6.8 shows that if g(¢) = 1 and C' is the line segment from 0 to z and

F(z) = f(€)dg,

[0,2]

then
flz)= Z anz"
n=0

implies that

o0 oo a
Fz)=)> an ¢"d¢ = n
;o 0.2 go ntl

In other words, we can obtain the power series representation of the primitive of
f(z) from the power series representation of f(z). We next determine the power
series of f’(z) from the power series representation of f(z).

THEOREM 6.10 A convergent power series

S(z) = Z an(z — 29)"
n=0
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can be differentiated term by term. That is, at each point z interior to the circle
of convergence of that series,

S'(z) = Z nan(z — 29)" "t
o=l

Proof

Let B(zo; R) be the region for which S(z) is convergent. Let z € B(zo; R) and
let C' C B(zp; R) be a simple closed curve enclosing z and suppose C' is traversed
in the counterclockwise direction. We let

9(() = %ﬁ

at each point of ¢ € C'. Since g(() is continuous on C, Theorem 6.8 implies that

[ 908@0dc =Y an [ o(0)(¢ 20"
c "0 c
Now, S(¢) is analytic inside and on C' and this enables us to write

SO
| aosic= o [ Zac =56,
Furthermore,
ng-_ 1 (¢—=z)", Y
[0 —zyac= o [ K2 ez tin= .2
Thus, we find that
S'(z) = Z ann(z — 29)" L.

n=1

O

As an application of the above theorem, we deduce that the power series
expansion

00 2k—1
. — -1 k*lzi
sin z kZ:l( ) k=]
leads to
o0 42k
cosz =Y (—1)F .
2V g

One can also use the theorem to deduce from
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that for positive integer n,

o0

1 > (—=n)(—n — l)é-!~(—n—k+1)(_z)k.

-2

We have seen in Theorem 6.1 that if f(z) is analytic at zp, then f(z) can be
written as a Taylor series on B(zg;7) for some r > 0. We now use Theorem 6.8
to show that the power series expansion of an analytic function f(z) about z is
unique on B(zp;r). Suppose

o
Z ap(z — zo)k
k=0

is another power series expansion of f(z) at zg. Let C' = C(zp;d) be contained
in B(zo;7). Let

in Theorem 6.8. Then
1 1 1 1
37 | O = 5 [ SO e
e 1 (¢ — 20)*
= " <27”/c (¢ = zo)NH! dC)

This implies that
- FM) ()

AN =N

Hence, the power series expansion of f(z) about zy must coincide with the Taylor
series expansion of f(z) about zy for every z € B(zo; ).

We have shown that if R is the radius of convergent of a power series about
20, then the power series converges uniformly in B(zg; R;) with Ry < R. In a
similar way, we can prove that if

[eS)
=D G
n=1 O

is convergent on |z — zg| > r, then T'(z) is converges uniformly in |z — 29| > r,
with r; > r. Hence, we would also have

Z —d¢ = Zb _) ¢,
ne1 20)

for any g(z) continuous on C, and C contained in |z — zg| > 7, the region of
convergence of

9] bn
D i

n=1
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Combining the series involving positive and negative powers of (z — zg) we

conclude that if

flz)= Z an(z — 20)"

n=—oo

is convergent in r < |z — z9| < R and C' is in the region, then

Lo@r@ac= 3 an [ 0=z

n=—oo

This would imply the Laurent series of a function f(z) in r < |z — 29| < R is
unique.
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Uniqueness Theorem and
Maximum Modulus Principle

Uniqueness Theorem for Power series

Let f(z) be an analytic function on B(zq;r). If there exists positive r < R such
that f(z) =0 on B(zp;€), then f(™(z) = 0 on B(zg;€). Then the formula

S () = 2 /C SO 4y

2w (zo37) (C - Zo)n+1

for all non-negative integers n. Since

2 p(n)(,
ey =S L)
n=0 .

n

on B(zp;7) and f(™(z5) = 0, we deduce the following:

THEOREM 7.1 If f(z) is an analytic function on B(zp;7) and f(z) = 0 on
B(zp; €) for some 0 < € < r then

f(z)=0

on B(zp;r).

From Theorem 7.1, we know that if f(z) is analytic on B(u;r) and f(z) van-
ishes on B(u;€) for some 0 < € < r, then f(z) vanishes on B(u;r).

In our next theorem, we show a stronger version of Theorem 7.1. We show that
f(#) vanishes on B(u;r) C D when there is a sequence {wy} C B(u;r) which
converges to u for which f(wy) =0 for k € ZT.

THEOREM 7.2 Suppose f(z) is analytic on a region D and is zero at all points
of a sequence {wy}72, which converges to u € D. Then there exists a positive
real number 7 such that B(u;r) C D and f(z) =0 for all z € B(u;r).

Proof
Since f(z) is analytic at u, f(z) has a power series expansion representation S(z)
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given by
S(z) = Z an(z —u)"
n=0

for z € B(u;¢€). Since a convergent power series S(z) is continuous,

ap = S(z0) = klirglo S(wg) = 0.

Next,
S(z
a1:Zii—ag(z—u)—ag(z—u)2—~-

Let 2z = wy,. We find that

ay = —ag(wy —u) — az(wy —u)* —---
since S(wy) = 0. Hence,

a; = lim (—CLQ(’LUk —u) — ag(wy — u)® — ) =0
k—o0

since the power series is continuous. Suppose a; = 0, for 0 < ¢ < n. Then
. 2
Gpi1 = lim (—an+2(wk —u) — apys(wg —u)* — - ) =0.
k—o0

Therefore, a; = 0 for all ¢ € N. This implies that S(z) = 0 for all z € B(u;e).
Now, f(z) vanishes on B(u;e) implies that f(z) vanishes on B(u;r) whenever
B(u;r) C D by uniqueness of power series. O

Remark 7.1 Inthe above proof, we have used the fact that if f(z) is a continuous
function in D and {wy}72, is a sequence in D such that

lim wi = u
k— o0

then
lim f(wy) = f(u).

k—o0

In Theorem 7.2, we show that the vanishing of f(z) on B(u;r) follows from
the existence of a sequence of zeroes of f(z) approaching u € D. Our next result
shows that with the hypothesis of Theorem 7.2, we can conclude that f(z) =0
on D (instead of its vanishing on B(u;r) C D for some r > 0).

DEFINITION 7.1 Let f be continuous on a region D. We say that u € D is
a limit of zeroes of f if there exists a sequence {wy} such that wy — u, with

f(wk) = 0.
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THEOREM 7.3 Suppose f(z) is analytic in a region D and f(w,) = 0 where
wp, = u € D. Then f(z) =01in D.

Proof
Step 1: Let

A={z€ D: zis alimit of zeros of f}.

Note that A # ¢ since u € A. Let B = D\ A. Note that D = AUB and ANB = ¢.
Step 2: We now show that A is open. Let 2z’ € A. Since 2’ is a limit of zeroes
of f(z), there is a sequence {wy} with wy — 2’ such that f(wy) = 0 for all non-
negative integers k. By Theorem 7.2, we deduce that f(z) vanishes on B(z';7) C
D. Now, each w € B(z2/;r) is a limit of zeros of f(z) since f(w) = 0 for all
w € B(z';7). Therefore B(z';r) C A, which implies that A is an open set in C.
Step 3: Next we show that B is open. Suppose z* € B. Then since z* is not
a limit of zeros of f, there exist an open set B(z*,d) for which f(z) # 0 for
all z € B(z*,0) except possibly that f(z*) = 0. This implies that none of the
elements in the open set is a limit of zeros of f and so they are all in B. Hence,
B is open. But D is connected and therefore cannot be a union of two open sets.
Since we have noted that A is non-empty by Step 1, this implies that B = ¢.
Hence A = D and every element z € D is a limit of zeros of f and hence f(z) =0
in D. O

COROLLARY 7.4 If f(z) and g(z) are analytic in a region D and agree at a set
of points {wy} with limy_, oo wr = u where u € D, then f(z) = g(2) in D.

This is known as the Uniqueness Theorem for analytic functions. This result
explains why series expansions for real functions such as e®, sinzx etc are the
same as those for e, sin z etc..

EXAMPLE 7.1 The formula

00
T z"
€=
n:

n=0

for z € R implies, by the Uniqueness Theorem, that

o0 n

z
eZ:E —
n!

n=0

for z € C. These two formulas look the same but they are not. For example,
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when z =iy,y € R,

) S an oo y2n+l
e =cosy +isiny = E (=" +1 E (=)t ——,
| |
o @n) =~ (2n + 1)!

giving power series expansions for cosy and siny. Note that these series cannot
be obtain from the power series expansion of e*.

EXAMPLE 7.2 Let f and g be analytic functions on B(0;1) with g(z) # 0 for
all z € B(0;1). Suppose for all integers n > 1,

f'/n) _ g'(1/n)
f/m)  g(1/n)
Show that f/g is a constant on B(0;1).

Solution
Let G =(f/g)'. Then

1wy = Z M) 0 (4

Since lim, o, 1/n = 0 € B(0;1) which implies that 0 is the limit of zeroes of
G(z), we conclude by Uniqueness Theorem, G(z) = 0 on B(0;1). Since G =
(f/g), we conclude that f/g is a constant on B(0;1).

We end this section with a final application of the Uniqueness Theorem.

=0.

EXAMPLE 7.3 Show that if f is a non-constant analytic on a region D and
F C D is a closed and bounded set, then F' contains finitely many zeroes of f.

Solution

Suppose the contrary. Then F' contains infinitely many zeroes of f. Since F
is closed and bounded, it is compact. Therefore, F' can be covered by finitely
many open balls of radius 1. Since there are infinitely many zeroes of f in F
and the number of open balls is finite, there exists an open ball (may be more
than one such open balls) @; which contains infinitely many zeroes of f. The
set F1 = 01 N F is a closed subset of F. Next, F} is compact. Therefore there
are finitely many open balls of radius 1/2 that cover Fj. We choose one such
open balls O, which contains infinitely many zeroes of f. Let Fy = O, N F. By
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continuing with this process and reducing the radius of the ball by a factor of
1/2 at each stage, we obtain a nested closed sets

---CF, CF, CF.

Note that since O; is an open ball of radius 1/27, the diameter of F; tends to 0
as j tends to infinity. By Cantor’s intersection Theorem,

ﬂFj = {w}.

Now, in each F}, we choose a distinct zero of f and called in z;. Note that
|z —w| < 1/27
since w € Fj. Therefore z; tends to w as j tends to infinity. Finally,
0= lim f(z) = f(w).

Therefore w is a limit of zeroes of f and this implies that f is identically 0,
which contradicts to the assumption that f is non-constant. Hence, there are
only finitely many zeroes of f in F.

EXAMPLE 7.4 (Bak-Newman (First edition), p. 74, Problem 6) Show that if f
is entire and |f(z)| > |z|V for sufficiently large z. then f must be a polynomial
of degree at least N.

Solution
Observe that if w is a zero of f(z), then from the power series expansion of f at
w, we find that

So we may write
f(z) = (z =w)™ f1(2),
where f1(w) # 0.
Let R > 0 be sufficiently large so that for |z| > R, | f(2)| > |z|"V. By Uniqueness
Theorem, we know that the number of zeroes of f is finite in B(0; R) (see the
previous example for more details). Let 21, 22, -+, 2¢ (not necessarily distinct)

be all the zeroes of f in B(0; R). By the remark in the beginning of the proof,
we may write

f2)=(z—21)-- (2= 20)9(2)
where g(z) # 0 in B(0; R). Let

P(z)=(z—21) (2 — zp).
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We have observed that the function g(z) # 0 in B(0; R). If g(v) = 0 for some
v such that |[v] > R, then f(v) = P(v)g(v) = 0. This means that |f(v)| = 0,
which is a contradiction since |f(v)| > [v|V > 0 since |v| > R. Therefore, g(z) is
a non-vanishing entire function and h(z) = 1/g(2) is entire.

Now, for 2| > R, |P(2)| < A|z|* for some A > 0 and |f(2)| > |2|". Therefore,

[h(z2)] < Alz|F,
for |z] > R. For |z| <R,
|h(z)] < M
since h is continuous. Hence, h(z) is an entire function which satisfies an inequal-
ity of the form
|h(2)| < C|z|*" N +D,C>0,D >0,

and for all z € C. By extended Liouville Theorem, h(z) is a polynomial of degree
at most £ — N. Now, f(z)h(z) = P(z). Since f(%z) is entire, the polynomial h(z)

must divide P(z) and therefore, f(z) is a polynomial. The sum of the degrees of
f(2) and h(z) is equal to the degree of P(z). In other words,

m = degf(z) + degh(z) < degf(z) + m — N.

Therefore,

degf(z) > N.

Minimum Modulus Principle and Open Mapping Theorem

We begin this section by proving the Minimum Modulus Principle.

THEOREM 7.5 Let f(z) be a non-constant analytic function in a region R and
f(z) # 0 for all z € R, then there is no point o € R satisfying the relation
|f(a)| < |f(2)] for all z € R.

Proof

Since f(z) # 0 for all # € R, the function g(z) = 1/f(z) is analytic in R. By
maximum modulus principle, there does not exist a € R such that |g(2)| < |g(a)]
for all z € R. This translates to the statement that there is no o € R that satisfies
the inequality |f(a)| < |f(2)| for all z € R. O

Remark 7.2 The above theorem implies that if f(z) is a non-constant analytic
function in a bounded region R and continuous on OR, then the minimum of
| f(2)| must occur at OR.
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We have seen that if f(z) is an analytic function that is purely imaginary then
f(2) is a constant. This is a special case of an important result known as open
mapping theorem.

THEOREM 7.6 The image of an open set under a nonconstant analytic mapping
is an open set

Proof
We will give a proof due to C. Carathéodory. Our aim is to show that if X is an
open set, then

f(X) ={f(z)lz € X}
is an open set. Let 8 € f(X). Then there exists o € X such that
fla) =B
Since a € X and X is open, there exists R > 0 such that
B(o; R) C X.

By uniqueness theorem, there exists 0 < r < R such that for all z € C(«;7r),
f(2) # B. This implies that there exists € > 0 such that

2 = mi — 8.
¢ zérél(l(ry,l;r) |f(2) ﬁ‘

We will show that B(f;¢) is contained in f(X) and this will imply that f(X)
is open. Let u € B(f;¢€). If u ¢ f(X) then f(z) —u # 0 for all z € B(a;r).
This implies, by Remark 7.2, that the minimum of |f(z) — u| must occur at some
v € C(a; 7). In other words, for all z € B(«;r),

|f(2) —ul > [f(v) —ul
for some v € C(a; 7). Now, for z € B(a;r),
|f(z)=ul > [f(v)—ul = [f(v)=B+B—ul = [f(v)=B|—|B—ul = 2e—e =€, (7.1)

where we have used the fact that the min.ec(a;r |f(v) =8| = [ f(v) — B8] = 2¢ and
that u € B(B;€). Substituting z = « to the left hand side of (7.1) and observing
that |f(«) — u| = |8 — u| < €, we conclude from (7.1) that

e>[f—ul=|fla) —ul >

which is a contradiction. Hence, f(z) = u for some z € B(«;r). In other words,
B(B;e) € f(Blasr)) C f(X)

and f(X) is open.
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Appendix: Polygonally connected and connected

In this appendix, we show that in C, polygonally connected is equivalent to
connected. Recall that a set D is disconnected if there exists nonempty disjoint
open sets A and B such that

D=AUB.

Otherwise, D is said to be connected.

THEOREM 7.7 An open set D is connected if and only if it is polygonally
connected

Proof
Suppose D is connected. Let v € D and let

A ={s € D|s is connected to u by a polygonal line in D}.

Let B = D\A, i.e., every point in B is not connected to u by a polygonal line
in D. Note that A # ¢ because u € A. Also, D = AUB and AN B = ¢.

We now show that A is open. If z € A, then B(z;r) C D for some r > 0
since D is open. But in B(z;7), any two points are polygonally connected. Now
z € A implies that z is polygonally connected to u. This implies that all points
in B(z;r) are polygonally connected to u. Hence B(z;r) C A. This implies that
A is open.

Suppose B # ¢. Let 2/ € B. Then there exists ' > 0 such that B(z';r') C
D. Note that none of the points in B(z’;7’) is polygonally connected to u, for
otherwise, z’ would be polygonally connected to u and z’ would not be in B.
Hence, B(z';7") C B and B is open. But now D is connected and D = AU B
where A and B are open sets. Since A is non-empty, the only way this can happen
is B = ¢. Hence D = A and every point in D is polygonally connected to v and
hence, the open set D is polygonally connected.

Conversely, suppose D is not connected. Then let A and B be open disjoint
sets such that

D=AUB.

Let a € A and b € B. Suppose that there exists a polygonal line connecting a
to b. We may assume this line to be the line segment [a, b]. For if not, there is a
line contained in the polygonal path that joins a point a* in A with a point b*
in B for the first time. We then replace a by a* and b by b*.

Now, let v : [0,1] = D be v(t) = a(1 —t) + bt. Let

t* = sup{t € [0,1]]7(¢) € A}.

Since A is open, t* > 0. Similarly since B is open, t* < 1. Let z* = v(¢*). Note
that z* ¢ A. For if z* € A, then since A is open, there exists € > 0 such that
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B(z*;¢) C A. By continuity of -, we conclude that there exists J > 0 such that
if |t —t*| < 0, then v(t) € B(z*;¢€). But this means that y(¢* + d./2) € A and ¢*
is not an upper bound for the set {¢t € [0,1]|y(t) € A}.

Similarly, B does not contain z*. For if B contains z* then there exists ¢/ > 0
such that if [t—t*| < d./, then v(t) € B(z*;€') C B. This implies that v(¢) € B for
t*— 4. < t and so, t* is not the least upper bound for the set {t € [0, 1]|y(t) € A}.

We must therefore conclude that such a line segment does not exist. O



8.1

The Residue Theorem

Residues

When zj is an isolated singularity of f, there exist an R such that f is analytic
on 0 < |z — z9| < R. Therefore f(z) has a Laurent series expansion given by
Theorem 6.3, namely,

oo o0 b
f2) =) anlz—20)" + )  — =,
where
1
af’nzi./ Adzjan:oalaQa"'a
210 Jo, (2 — zp) !
and
1
e [ I s
2mi Jo, (2 — 20)7"HL
When n =1,

1
b = %/Cf(z) dz,

and this is called the residue of f(z) at the isolated singular point zg. It is
denoted by Res(f(2); zo).

EXAMPLE 8.1 Let

Find Res(f(2),1).

Solution
The function f(z) =

—Zz

e
(z—1)2
larity z = 1. By Cauchy Integral Formula,

/ e g
c(z—1)2 e

is analytic in |z| < 2 except at the isolated singu-
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The Residue Theorem

Thus, the residue of f(z) at z =1 s

Res(f,1) = —é.

EXAMPLE 8.2 Let f(z) = e!/?* Find Res(f(z),0).

Solution
‘We have

1/Z2_1 1 1
e = +;+M+"'

1
The coefficient of — is 0. Therefore
z

/ /% dz = 0.
c
This implies Res(f;0) = 0.
This example cannot be deduced from Cauchy’s Integral Formula.

Residue Theorem

If a function f has only a finite number of singular points interior to a given
simple closed contour C, they must be isolated. The following Theorem gives us

a formula for evaluating
/ f(z)dz
c

if f has a finite number of singular points interior to C.

THEOREM 8.1 (The Residue Theorem) Let C' be a positively oriented simple
closed contour within and on which a function f is analytic except for a finite
number of singular points z1, 29, - - , 2, interior to C. If By, By,--- , B, denote
the residues of f at these respective points, then

/ f(z)dz =2mi(By + B + - -+ + By).
C
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Proof

By Cauchy Goursat Theorem, we have

/C S RC / F(2)de.

Cn

Since
/ f(z)dz = 2miB;,
C;

we immediately obtain the result.

EXAMPLE 8.3 Suppose C is the circle |z| = 2 described anticlockwise. Evaluate

52 — 2
/C—z(z_wdz.

Solution
Note that z = 0 and z = 1 are the two singularities of the function
5z — 2
5z —2 2
- = _ 3 ceey <1
2(z—=1) =z ot 12
and

ﬁ: i —(z — z — 2 y —
22— 1) <5+2_1)<1( DA (z=1)2+-), |z—1<1,

therefore, Residue of f(z) at z=101is 2 and at z =1 is 3. Hence,
/ f(z)dz = 2mi(2 + 3) = 10mi.
c
Alternatively one may use Cauchy Integral Formula.
THEOREM 8.2 If a function f is analytic everywhere in the finite plane except

for a finite number of singular points interior to a positively oriented simple
closed contour C', then

/Cf(z)dz — 2miRes (lef (i) ;o) ,
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The Residue Theorem

Proof
Let C(0; R) be a circle with R large enough so that the circle enclosed C. Then

/Cf(z)dz/C(O;R)f(z)dz.

Write

2
/ f(z)dz = f(Re™)iRe dt.
C(0;R) 0
Replacing t by —s, we find that

—2m
—/ f(Re™™)iRe "*ds.
0

We now convert this line integral back to contour integral by letting 2z = €** /R
and deduce that

—am o RY e f(1/z)
—1 R/e") —— - —ds = —/ dz
/0 SN e?s R cr01/R)  #*

where C'(0,1/R) is the circle centered at 0 with radius 1/R traversed in clock-
wise direction. Now, this gives

_ f(1/z)
/C(O;R) f(Z)dZ_~/C(O;1/R) 22 a2

where C(0;1/R) is traversed in anti-clockwise direction and the proof is com-
plete.

O

EXAMPLE 8.4 Use Theorem 8.2 to solve Example 8.3.

Solution
Let f(z) = (52 — 2)/(2(z — 1)). Then

_5—2z

%f(l/z) (I4+z+224-)

and so Res(1/22f(1/2),0) = 5 and hence the result.

Evaluations of improper integrals

An important application of the theory of residues is the evaluation of certain
types of definite improper integral arising from real analysis.
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In Calculus we encounter improper integral of continuous function f(z) over
semi infinite interval z > 0:

/000 f(@)dx = lim /ORf(x)d:c.

R—

When the limit on the right exists, the improper integral is said to converge and
its value is the value of the limit. The improper integral ffooo f(z)dx is defined
by

oo 0 R2
/ f(x)dx = lim (z)dz + Rlim f(x)dx.

R1*>OO 7R1 2 —00 0

When both integrals on the right hand side converges, we say that ffooo f(x)dx
converges. It may happen that the integrals on the right side diverge but the
limit

lim /7 Z f(z)dz

R—o0

exists. In this case, we call

lim /I;f(x)da:

R—o0

the Cauchy principal value of the integral of fix;o f(z)dz and write

R

P.V. /OO f(z)dx = lim f(z)dz.

R— o0 R

Remark 8.1 The Cauchy principal value of the integral [~ f(z)dz may ex-
ist without [ f(x)dz being defined. For example, if f(z) = 2z/(1 + 2?),
[7. f(z)dz is divergent but its principal value is 0. However, when f(z) is
an even function, i.e., f(z) = f(—x), both P.V.[ f(z)dz and [ f(z)dx
coincide.

In this section, we will use residue theorem to evaluate different type of inte-
grals.

EXAMPLE 8.5 Evaluate
o 92
ﬁdl’.
oo TE 4072 44

Since f(x) is even it suffices to evaluate the Cauchy Principal value of the
integral by Example 5.4.1. Consider the function

222 -1

1) = 24+ 522 +4°
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Note that
A5 4= (2 +4)(2+1).
Hence, f(z) has poles at £2¢ and +i. Let R > 2.

®
0

From the Residue Theorem, we know that

(2)dz = 2mi(Res(f(2);4) + Res(f(2); 24)).

Cr
Now,
Res(f(2);) = 5,
while
Res(f(2);2i) = —%.
Hence,
™
. f(z)dz = 5

Let T'r = [-R, R] U Cg, where Cg is the arc from R to —R and [—R, R] is the
line segment [—R, R]. Now, on Cg,

222 -1 2R% +1
24 +52244| - RY—5R2 -4
Hence,
TR(2R? + 1)
dz| < ———— 2
CRf(Z) Z’ =R _5R? 4

which tends to 0 as R — oo. Therefore,

lim f(z)dz = 0.

R—o0 Cr

Hence,

R
lim [Rf(x)dx = B}im f(z)dz =

T
R—o0 ‘=0 Jpg 2 '



8.4 Improper Integrals involving cos

EXAMPLE 8.6 Show that

/°° dx .7
0o (@24+1)2 4

8.4 Improper Integrals involving cos

We now evaluate improper integrals of the type

/ P(z) cos zdzx.

EXAMPLE 8.7 Show that
*  cosz T
—  _dz = —.
/,oo @+ e

ezz

Consider f(z) = [EFER

Note that
/ f(z)dz = 2miRes(f(2);1).
Cr
Let
P(z) e
(z—0)2  (2—14)2(z +1)2’
or

119
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By Cauchy Integral formula,

A B C) B NP
/CR (Z—i)g(z—i—i)?d /CR (Z_Z')Qd 2mid’ (i)

Now,
2eiz Zeiz
1)
Sl o Rl P 2
Hence
ry b
¢ (Z) - 26 .
Therefore,
f(z)dz = T
I'r €

Now split I'r = [-R, R] UCRg. Then on Cg
e’iz
(22 +1)2

which implies immediately that

< 1
= (R2*1)27

f(z)dz—0
Cr

as R — oo.
Hence, we conclude that

o T
e @2 T

Splitting e** = cosx + isin x, we deduce our result.

Remark 8.2 In the computation of the residue Res(f(2);%), we can also compute
the Laurent series expansion of

: A S e iia (12020
(Z*i)z(eri)z_(zfi)2(2i)2<1+( )i+ )<1 22—+ )

The coefficient of (z —4)~! in this expansion is (2ie)~*.

8.5 Euler’s identities

The Bernoulli numbers B,, are defined as f(™)(0) where

In other words, we have
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The first few values of B,, are

1 1 1 1
Bi=——By=-,B3=0,By=——,B5=0,Bg = —
1 2 y D2 6 s, D3 03 4 307 5 07 6 49
1 5 691
B;=0,Bs=——,B9=0,B1g=—,B11 =0,B1s = ———.
7 8 307 9 10 = o0 b1 12 5730
In this section, we will show that
o0
1 —1)mt+l(2r)2™ B
> o = S e, (5.1
k2m 2-(2m)!
k=1
Using the values of By and By, we deduce that
=1 7r
PRE
k=1
We begin with the integral
1 1 2mi¢
27-“; <2m+1 e2ﬂ'z( dC’
where C is the following contour:
Ly
Ls
Ly
N_1 N N N1
Y
A
Ly

The function
1 2Tz

f(Z) = 227n+1 eQTrz'z -1
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has poles 0, £k, k =1,2,--- , N which are enclosed by Cp. This implies that

L [ 1(Qc = Res(1(2:0)+ 3 Res(f(z):h)

2mi
k=—N
k#£0

By using the Laurent series expansion of f(z), we deduce that

_ Bapm(—1)™(27)*m
(2m)!

Res(f(2);0)

and

Res(f(z);k) = lim f(2)(z — k) = ——.

z—k
To derive (8.1), it suffices to show that

L pdc—o

211 Cn

as N — oo. We will only show that the integrals over L; and Lo vanishes as
N — 00. The computations for the integrals over L3 and L, are similar.

We first give an upper bound for |1 — €2™#| on Ly and L. We first parametrize
Ly by ¢(t) =N +1/2+it,—(N +1/2) <t < N +1/2. Note that

‘1 _ 2mi(N+1/24it) | _ {1 I efzm| >1

and this gives the lower bound of |1 — ¢*™#| on L;.
On Ly, we use the parametrization ((t) = ¢+ (N +1/2), —(N +1/2) <t <
N +1/2. Note that

‘1 — 2mi(tH(N+1/2)i)| 5 | _ = 2m(N+1/2)

Write

6727TN677T S e ™

and hence
1—e 27(NH1/2) > 1 _e=7 5 0.

This gives us the lower bound of ’1 — ezﬂz‘ on Ls.

With these lower bounds, we deduce that

f(C)d<‘ < 2N 1
L

W%T(N-i- 1/2)

and
IN+1  27(N +1/2)
N4 1/2)2m+1 1 — ¢

f(C)dC‘ <
Lo

and this implies that both integrals over L; and Ly vanishes as N — oo. This
completes the proof of (8.1).
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8.6 Residue Theorem and identities associated with binomial coefficients

Residue Theorem and identities associated with binomial
coefficients

In combinatorics, we often encounter combinatorial identities. In the next two
examples, we show how such identities can be derived using residue theorem.

EXAMPLE 8.8 Show that

Solution
We observe that

2n
<2n>1/ a+9 dc.
n 2mi Joay  CMTE
The integral on the right hand side can be written as
1 n
) (1+§)”(1+C> 1 n n

L i = — / (1) (7)) ac
2w /C(O;l) ¢ 2mi Jeo; 1) ¢ (Z Z

k=0 £=0
N k
k=0
1

— Cn—f—l dC =1
2mi Joo

since

ifand onlyifn—¢—1=—-1orn =~

EXAMPLE 8.9 Evaluate

Solution
Observe that

() Lo b [,

5n 27 Jo Bnantl

where C' is the circle C(0;r) traversed in the counterclockwise direction and
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r > 0 to be chosen later. This implies that
(2n\ 1 1 1o (1+2)% 1 5
GO Ry B e e
—\n/)5 2mi Jogory % = (52) 2mi Jowy 32 —1—2
where r can be chosen to be 1 to ensure that on |z| =1,

(1+2)%]_4
)

62 | =

and that the use of the expansion

—_
| | =
IS
Il
]
N
3

3 5 3 5
is valid. The function 3z — 1 — 22 has zeroes 3 + g and only 3 5 is enclosed
by C(0;7). Hence,
= 1 1 Lo (1+2)%m
3 (2”> 1 Iy A+
=\ n )5 2w Jon 2 A (5z)n
1 5

2mi Joop) 32 —1—2

:Res<— 5 3_\/§>:\/5'

2241-32" 2

8.7 An improper integral involving sinz

We have encounter integrals that involve cosx. In this section, we will show the
evaluations of a improper integral that involve sin x.

o .
sin x
/ dz.
e &

EXAMPLE 8.10 Evaluate

Solution
We first establish a useful inequality called the Jordan inequality given by
" —Rsin6 ™
do < — 8.2
| e z (32)

where R is a real positive number. To prove (8.2), we note that for 0 < 6 < 7/2,

2
sinf > —0.
T
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This follows immediately from the observation that for 0 < 6 < 7/2 the graph
of y = 20/7 lies below the graph of y = sin §. Therefore,

w/2 w/2 —R
—Rsin g —20R/7w 39 _ T e m
0 < dd = — — —.
/0 ¢ —/0 ¢ 3R~ 2R 2R

Similarly, by observing that for /2 < 6 <,
) 2
sinf > ——0 + 2,
T
we conclude that
" —Rsin@ m
e 0 < —.
L. o7
Using the bounds for the two integrals we have just discussed, we complete the
proof of (8.2).

We are now ready to evaluate our contour in this example. Consider the con-
tour similar to Example 8.5. Note that

/ ¢ dz = 0.
rg *

Hence,
iz _ | R iz _ 1
/ ¢ dz + / ¢ dr = 0.
Cr z —R X
Now,
B in ) .
] iz _ 1z
/ € dx:—/ € dz:m'—i—/ e—dz.
-R Cr z Cr #
Now

R

eiz
/ —dz
Cr ?

where the last inequality follows from (8.2). Therefore,

T

: i

S/ 67R81n0d0<f7
0

eiz
lim —dz = 0.
R— o Cr z

This implies that

00 : R _ix
sin @ . e —1
dr = lim Im dr = .
oo T R—o0 R T



9.1

Winding Number

Winding number and Cauchy’s Residue Theorem for closed
curves

‘We have so far discussed only integral over simple closed curve. It is more natural
to consider general closed curve, i.e., curve that intersects itself several times.
Consider the function f(z) = 2™, with m > 2 being a positive integer. Then

the integral
[
| o

1
/ —dw,
fn ¥

where v is C(0;1) and f(v) is the image of the curve v under f. Note that
can be parametrized by z(t) = €,0 < t < 2r. When ¢ increases from 0 to 27 /m,
we see that z"" moves around the origin in one full circle. By the time t reaches
27, 2™ would have circled the origin m times. In other words, the curve f(v)
“winds” around the origin m times and we observe that
L L1 e
2mi J gy w 2mi J, 2™

can be written as

dz =m. (9.1)
7)

This motivates the following definition:

DEFINITION 9.1 Suppose 7 is a closed curve (not necessarily simple) and that
a ¢ . Then

1 1
) — d
B, 27ri[Yz—a “

is called the winding number of + around a.

THEOREM 9.1 For any closed curve v and a € v, n(7y; a) is an integer.
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Proof
Let v be parametrized by z(t), 0 <t < 1. Set

S !
F(s):/ A dt,0 < s <1.
0

(t) —a
Let
oF(s)
Gls) = z(s) —a
Now, since
/ ()
Fi(s) = z(s)—a’

we conclude that

F'(s) ef() 2/ (s)

/ g) = F(s) _ = 0.
G'(s) z(s) —a  (2(s) —a)? 0
Hence,
o - 2 ¢
(s) = z2(s)—a

where C'is a constant. Let s = 0. Since F(0) = 0, we find that

C=G(0)= 20 —a (9.2)
When s = 1, we find that
eF )
C=G(1)= D —a (9.3)

Now, v is a closed curve and this implies that z(0) = z(1) and we deduce from
(9.2) and (9.3) that

e =1
or
F(1) = 2min(vy; a) = 2mik, k € Z.
In other words, we have shown that n(v;a) is an integer. O

THEOREM 9.2 Suppose f is analytic in a star-shaped domain except for sin-
gularities at zq, 22, - , 2z,. Let 7 be a closed curve enclosing these singularities.
Then

[ 700 = 2w Y nias 2 Rest £, 2.

k=1
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Proof
We know that around each z;, f(z) can be written as
(oo} oo b
k .k
f@—§%w2m+;@ﬂw

The expression
S
= (z—z)k

is called the principal part of the Laurent series expansion at z;. Collecting all
the principal parts of the Laurent series expansion of f(z) at each z;,1 < j <m,
we may write

where now h(z) is analytic in the region bounded by ~. By Cauchy-Goursat

Theorem,

/h(()d( =0.

~
Therefore,
d¢ = J d
| s ;/W;K—ZJ)’“ ¢
= i/ bia d¢ = 2min(’y;zj)Res(f;zj),
j=177 C—2 j=1

since b; 1 = Res(f; z;) and %/ C—lz'dg =n(y; 2;). O

v J

Remark 9.1 In the proof above, we use Laurent series expansions of f(z) at
various singularities and extract the residues from these expansions.

9.2 Counting zeroes and poles

THEOREM 9.3 Suppose v is a simple closed curve. If f is meromorphic (meaning
that the singularities of f are poles) inside and on 7 and the zeroes and poles of

f are not on ~, then
2,f)- P =5 [ £
vy

where Z,(f) is the number of zeroes of f enclosed by v (a zero of order k being
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counted k times) and P, (f) is the number of poles of f enclosed by 7 (a pole of
order ¢ being counted ¢ times).

Proof
Let 21,29, ,zm be distinct zeroes of f with multiplicity aq,as,--- , o, and
p1,P2, - ,pe be distinct poles of f with multiplicity B, 82, - , Be. Note that

s e e (i) + S ()

~

If a were a zero of f with multiplicity s, then

f(z) = (z = a)°g(2)
with g(a) # 0. This implies that
Fe_ s L g
) z—a g(2)

and the residue of f//f at a is s.
Similarly if b were a pole of f with multiplicity ¢, then

C)

with h(z) analytic at b. This implies that
G _ K
fz) z—a  h(z)
and the residue of f'/f at b is —t. Hence, the integral
Q)
2mi J, f(¢)

d¢ = Zv(f) _P”/(f>~

If f has no poles in the region enclosed by -, then we have

2,(1) = o /y J;’((g)) d.

THEOREM 9.4 (Rouché’s Theorem) Suppose f and g are analytic inside and
on a simple closed curve v and that |f(z)| > |g(z)| for all z € 7. Then

Zy(f+9) = Z,(f)

inside v where Z,(h) is the number of zeroes of h(z) enclosed by 7.
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Proof
Note that by writing

rever(e03)

and noting that
(f+9) _f A+g/f)

f+g9 fF  1+g/f’

we conclude that

1 /1+(g(<)/f(C))’d
LIRSS VI AL YA e

Zy(f+9) = 2(f) + 5~ T+ 9(0)/ F(O)

211

But the last integral can be written as

1
/ —dw,
F(y) ¥

where

Now,
|f1> gl
implies that

lg/fl<1 or |g/f+1-1]<L

Hence, F(y) C B(1;1) and the function 1/w is analytic in B(1;1). Therefore,
the last integral is 0 and we have

Zy() = Zy(f + 9)-

EXAMPLE 9.1 Find the number of zeroes of /3 — z in B(0;1).

Solution
Observe that on |z| = 1,

le?/3] = efe(®) /3 < el?l/3 =¢/3 <1 = 2|
By Rouché’s Theorem,
Zeoon)(—2) = Zo)(€*/3 — 2).
Since Zc(o;1y(—2) = 1 (0 is the zero of —z in B(0;1)), we conclude that

ZC(O;l)(ez/?) —z)=1
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EXAMPLE 9.2 Let A > 1. Show that z + e — A = 0 has exactly one solution
in the region Re(z) > 0.

Solution
The region Re(z) > 0 is unbounded. But we will consider the contour

Y = [~iR,iR] + Cr

where Cr is the semi-circle of radius R > 0 which lies on the right half plane.
On [—iR,iR],

le™?| =le ™| =1<lia=A=|z=\=|\—2|,
since
licc = A > A > 1.
On Cg,
le™?| = e Rl 0 =1 < R— ),
whenever R > A + 1. Now, on Cg, we may write
R-—A=z| =A< |z= A

Therefore

le™?| <A — 2|
on Cgr. Combining with the estimate on [—iR,iR], we conclude that

le™? <A — 2|
on vg. This implies that

1=Z,,(—2+ N =Z,, (e =2+ ])

and proves the claim in the problem.

Open mapping Theorem

In this section, we will use Rouché’s Theorem to prove the open mapping the-
orem. We will follow the proof given in the book “Complex Analysis” by Stein
and Shakarchi.

THEOREM 9.5 The image of an open set under a nonconstant analytic mapping
is an open set.
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Proof

Let V be an open set. We want to show that f(V) is open. Let wy € f(V).
Then there exists a zgp € V such that f(z9) = wp. Since V is open, there exists
0 > 0 such that B(zp;0) C V. Choose n > 0 such that B(z9;7) C B(z0;0) and
the boundary C(zg;7n) does not pass through the zeroes of f(z) — wg, which is
possible by Uniqueness Theorem. Since f(z) — wo # 0 on C(z0;7), we observe
that

€:= min z) —wo| > 0.
Zec(zom)\f() ol

For all z € C(zo;n),
[f(2) —wol > €.
Now suppose that |w — wg| < €. then
f(2) —wo| > € > |w—wp| = |wg — w|.
By Rouché’s Theorem, we conclude that

ZC(zo;n)(f(z) - wO) = ZC(ZO;n)(f(Z) — wo + wo — w) = ZC(zom)(f(z) - w)

This means that f(z) — w has at least a zero in B(zo;7). In other words, w €
f(B(z0;n) for each |w — wg| < e. This implies that

B(wos€) C f(B(z0;m) € f(V).
Hence f(V) is open. O

We can prove maximum modulus theorem for closed balls directly from the
open mapping theorem. Let f(z) be analytic on B(zp;r) and continuous on
B(zp; 7). Suppose |f(a)| is maximum for a € B(zg;r). Now, f(a) € f(B(zo;7),
which is open by open opening theorem. This means that B(f(a);s) C f(B(zo;7))
for some s > 0. This means that there exists a point ¢ on the boundary of
B(f(a);s) such that £ = f(b) and | f(b)| > |f(a)|, which is a contradiction. (One
can choose & = f(a) + se? where § = argf(a).)




